Math 429 - Representation Theory 11

Lie algebras

New concepts will be written in bold, and new formulas will be .
Material which you have already encountered in Math 211 and 314 will be marked as such.
Details in the proofs that we purposely leave out of the notes, so that you may work out for

yourselves, will be colored in blue. Ask your instructors (in person / on the forum) for help.
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Lecture 1

1.1

A Lie group is a group that happens to also be a manifold, with the two structures being compatible
as in Definition The main motivational example is the general linear group of invertible real
n X n matrices, which can be regarded as a subset of R"™ . Before we give the precise definition of
Lie groups, recall that a group G is a set endowed with

e an identity element e € G,
e an involution G — G, g+ g~ !,

e an operation G x G — G, (g, h) — gh that satisfies associativity.

The structures above must be compatible in the usual ways, that you recall from Math 211. We
will now cover some basic differential geometry, and refer you to Math 322 for proofs and details.

Definition 1. Let U C R? be an open subset. A map
f:U—R" (1)
will be called smooth if it is infinitely differentiable (or C*), i.e.
f= (fl(azl,...,xd),...,fn(azl,...,xd))

with all partial derivatives of fi,..., fn well-defined on the set U.

Consider a smooth map and any point p € U. The derivative of f at p is defined as
o) 0
L) ... L
f*,p : TpU — Tf(p)Rn, Dpf = : . : (2)

0fn Ofn
Gap) ... Z(p)

(we think of T,,U as the vector space of tangent vectors to U C R? at p, even though it is naturally
identified with R?). A smooth map f is called an immersion if f+p 1s injective at all points p € U.

Definition 2. A subset G C R" is called a d-dimensional submanifold of R™ if for every g € G
there exists an open subset U C R and an embeddmg

¢:U—R"

such that g € Im ¢ C G.

In other words, a submanifold is a subset of R™ where every point has a neighborhood that can be
identified with an open subset U C R? via the embedding ¢, the latter being called a chart at g.
For example, a sphere is a 2-dimensional submanifold of R3, as indicated in the following picture.

1Al’l embedding is an immersion which is a homeomorphism onto its image; the reason for the latter requirement
’
is to preclude examples such as every where dense curves in RQ from being considered submanifolds.



In what follows, we will refer to submanifolds of various R™ as simply manifolds. In Math 322,
you learned how to define manifolds abstractly, but we will not need this in the present course.

Definition 3. Given manifolds G,G' of dimensions d,d’ (respectively), a map
f:G—=G (3)

is called smooth if for every g € G there is a chart ¢ : U — G at g and a chart ¢' : U' — G’ at
f(g) such that gb/—l o fo¢ is a smooth map from an open subset of R% to an open subset of R |

Because charts of d-dimensional submanifolds G C R™ are embeddings, we have that
TgG =Im ¢*,¢>_1(g) - Tan (4)

has dimension d, for any chart ¢ at any point g € G. We call T,G the tangent space to G at g.
Any smooth map f : G — G’ induces a linear transformation on tangent spaces

f*7g : TgG — Tf(g)G/ (5)
for any g € G.
Definition 4. A smooth map f: G — G’ is called

e an immersion if f, 4 is injective at every point g € G;
e an embedding if it is both an immersion and a homeomorphism onto its image;

e a diffeomorphism if it is a bijective embedding (in this case, f~1 will also be smooth).

Definition 5. A Lie group is a set which has both a structure of group and of a manifold, such
that the inverse G — G and the operation G X G — G are smooth maps.

1.2

Here are some important examples of Lie groups; we let you check that they satisfy Definition

e the general linear group |GL,(R) = {A € Matnxn(R)’ det(A) # O}




the special linear group | SL,(R) = {A € Matan(R)) det(A) = 1}

the orthogonal group |0, (R) = {A € Matan(R)‘AAT = [n}

the special orthogonal group ‘ SOL(R) = O,(R) N SL,(R) ‘

the symplectic group | Sp2,(R) = {A c Matgnxgn(R)’AJ,AT = J,} , where

0 0 0 001
0 0 0 010
0 0 0 100
J-= 0 0 -1 00O (6)
0 -1 0 00O
-1 0 0 0 00

e R™ with component-wise addition, and (R*)"™ with component-wise multiplication.

Definition 6. A complex Lie group is defined just like in Subsection[I.1], but replacing the terms
(R, smooth map, manifold) by (C, holomorphic map, complex manifold) everywhere; we may use the
terms “real manifold” and “real Lie group” to refer to Definitions [ and[5] when contrasting them
with their complex analogues.

Examples of complex Lie groups include
GLn((C)a SLn(C)7 On(C), SOn(C>7 Sp2n(©)

defined as above, but with complex instead of real coefficients. In order to better integrate the
formulas for complex orthogonal and symplectic groups, we will actually redefine the former as

0,(C) = {A € Matnyn(C)| AT, AT = J+} (7)

and SO, (C) = 0,(C) N SL,(C), where

000001
0000T10
000100

J+_001000 (8)
010000
100000

(intrinsically, the orthogonal group is the set of linear transformations which preserve a certain
symmetric bilinear form; over the complex numbers, the choices (e;, e;) = d;; and (e;, €j) = dj 41—
give equivalent definitions). It is easy to see that any complex Lie group is a real Lie group, but
the converse is not true. For example, the unitary group

Uln) = {A € Matan((C)’AAT - In} (9)




and the special unitary group

|SU(n) = U(n) N SLy(C)]

are real Lie groups and not complex Lie groups, despite the fact that they are defined as subsets of
the set of complex matrices. For example, U(1) = S' € C* is a Lie group with the operation given
by rotation, and there is no reasonable sense in which a circle can be a complex manifold.

Remark. The world of real manifolds is richer in Lie groups than the world of complex manifolds.
For instance, recall that the orthogonal group can be thought of as the set of linear transformations
which preserve the Fuclidean inner product. One can consider the generalized orthogonal groups,
defined as the set of linear transformations which preserve a bilinear form of signature (k,n — k):

Ok _k(R) = {A e Matnxn(R)’A< e )AT = ( L >}

—dn—k —dn—k

These groups are all non-isomorphic (except when k <> n—k), but if we replace R by C above, then
they all become isomorphic to O, (C). The flip side of this is that complex Lie groups are in general
better behaved than real Lie groups.

1.3

We will now give an intrinsic definition of the tangent spaces of a manifold.

Definition 7. Let g be a point in a manifold G. A linear functional v on the real vector space
{smooth functions G LN R}

is called a derivation at g if it satisfies the Leibniz rule
v(Au) = v(A)u(g) + Ag)v(w) (10)
for all smooth functions \,u: G — R.
With this in mind, we have an identification
T,G = {derivations at g} (11)
which is given by the following assignment in a chart ¢ : U — G:

(65} d
z H(G% - ZafWW@))) (12)

— T
(0% =

It is easy to show that any smooth map f : G — G’ induces a linear transformation T,G — T' f(g)G’ .



Definition 8. A wvector field on a manifold G refers to a choice v = {vy € T4G}geq of tangent
vectors that varies smoothly with g. Intrinsically, a vector field is a derivation

v {smooth functions G — R} — {smooth functions G — ]R} (13)

i.e. it satisfies the Leibniz rule in the following form

v(A) = v(A)u + Ao (n) (14)

Any smooth map f: G — G’ induces a linear transformation between the sets of vector fields E]

If G is a Lie group, then we have left multiplication maps for each g € G

h+—gh
—_—

G G

which are smooth. Therefore, they induce linear isomorphisms between tangent spaces

ThG left multiplication by g T hG

Thus, we have a notion of left invariant vector field on G, namely a vector field which is preserved
by the left multiplication maps above. Since a left invariant vector field is completely determined
by its value at the identity, we conclude that

T.G = {left invariant vector fields on G } (16)

1.4

It is customary to write Lie(G) = T.G. Although a priori just a vector space, Lie(G) can be
endowed with an extra structure called a Lie bracket. The key result is the following.

Proposition 1. Ifv and w are two vector fields (i.e. derivations (13)), then so is the commutator

[[v,w] (V) = v(w()) — w(v()))] (17)

for all smooth G A R. Moreover, if v and w are left invariant vector fields on G, then so is [v, w].

Proof. Explicitly, for any smooth functions A and u, we have

[v, w](Ap) = v(wp)) —w(v(An)) = ( M+ Aw(p) —w(v(Np + Avo(p)) =
=v(w(/\))u+w( Jo(p) + v(Nw(p) + Av(w(p) — w(v(X)p — v(A)w(w)
—wNv(p) — Aw(v(p) = (v(w(A) —w(wA)) p+ A (v(w(p)) — w(ov(w))

Finally, if v and w are left invariant (i.e. preserved by the automorphisms of left multiplication),
then so are the compositions v o w and w o v of these vector fields, hence so is [v, w]. ]

2If we take a chart ¢ : U — G, then any vector field locally takes the form

d
G5 R~ function locally given by ¢! (Z ala(/\ °
i=1

for various smooth functions a1, ...,aq on U.



The commutator of vector fields is actually a very explicit operation. In local coordinates z1,...,zq
given by choosing a chart ¢ : U — G, we may write vector fields as

’U_Oéi—i- —{—O[i and U)_Bi—l— _'_Bi
- 18%‘1 daxd - 181’1 daxd
for various smooth functions aq,...,aq, B1,...,84 on U. Then we have
8ﬂj 8aj 0
= i — B — 18

It is easy to see that the operation satisfies the following properties:
e anti-symmetry: [v, w] = —[w, v];

e the Jacobi identity [v1, [v2, v3]] + [v2, [U3, v1]] + [vs, [v1, v2]] = 0.

We conclude that the vector space Lie(G) of is endowed with an operation

Lie(G) x Lie(G) 2% Lie(G)

satisfying anti-symmetry and the Jacobi identity. If we regard Lie(G) as the tangent space at e € G,
this operation can be described as follows: take any two tangent vectors, extend them uniquely to
left-invariant vector fields on G, then take the commutator of the vector fields in question as per
, and then restrict the corresponding vector field back to e € G.

1.5

The following definition is an abstract version of the discussion in the previous Subsection, which
actually makes sense over any ground field K.

Definition 9. A Lie algebra g is a K-vector space endowed with a Lie bracket

axg-hg (19)

which is K-bilinear in both arguments and satisfies

e anti-symmetry: [z,y] = —[y, x|, and

e the Jacobi identity
[, [y, 2]l + [y, [z, 2] + [z, [2,4]] = 0 (20)

All Lie algebras studied in this course will be finite-dimensional.

Thus, the discussion in the last paragraph of the previous Subsection shows that Lie(G) has the
structure of a Lie algebra, for all Lie groups G.



Example 1. Let K € {R,C} and let us work out the Lie algebra structure on
gl x = Lie(GL,(K))

Because GL,(K) is an open subset of the K-vector space of all n x n matrices, its tangent spaces
are all naturally identified with the vector space in question, so we have an identification

Show that the left invariant vector field corresponding to X € Mat,xn(K) is
(9X)gearn (k)
Given X,Y € Maty,xn(K), calculate the commutator of the corresponding vector fields by

0
[(9X)gecLnx)> (9Y)gecr k)] = Z gik (XieYej — YieXoj) 70
£ OFE;;
1<i,j,k,f<n
where we write matrices g = Zlgi,jgn 9ijFij etc, in terms of their coefficients in the standard basis
(thus Ej; is the n x n matriz with entry 1 on position (i, j) and 0 everywhere else). Restricting the

above equality to the identity {g;x = 5ik}i,ke{1,..,,n} shows that the Lie bracket on gl, x is given by

g[n,K X g[n,K _[—’]_> g[n,Kv ’ [X7 Y} = XY - YX‘

1.6

Let us now give examples of Lie algebras beside Lie(GL,(K)) = gl, x; we still let K € {R,C}.
Firstly, note that it’s quite easy to determine the Lie algebras of matrix groups (i.e. subgroups of
GL,(K) cut out by polynomial equations). For instance you will show in the exercise session that

Lie(SLy(K)) = slyx = {X € Matxn (K ‘tr o}

-y

ie(On(K)) = opx = {X € Mat,xn (K ]XJ+ +J. X" = o} = 50, = Lie(SO,(K))

=

ie

U(n)) = u(n) = {X € Matxn(C)
Lie(SU(n)) = su(n) = {X € Matan((C)‘X + X7 =0 and tr(X) = O}

(
(
Lie(Span(K)) = spoy i = {X € Matanxon (K )XJ_ +JxT = o}
( X+X7 =0}
(

E| Secondly, there are many more Lie algebras out there than Lie groups. For one thing, Lie algebras
can be defined over any field (including characteristic p) and they may be infinite-dimensional,
neither of which situation is compatible with being the tangent space of a Lie group. For example,
the Virasoro algebra is an important infinite-dimensional Lie algebra

c(m3 —m)

Vir=Ce® @ CLn,  [e,Ln] =0,  [Lm, L] = (m — 1) Lyin + m,—n -

nez

which is the fundamental object in conformal field theory. We will not study Lie algebras of infinite
dimension or positive characteristic in this course, but they are very rich subjects.

3Note that for 0, x and so, x, we are using the convention for the orthogonal group in .



Lecture 2

2.1

Many of the usual constructions for groups apply to Lie groups as well, but we must be careful to
make sure the manifold structure is preserved. For example, a Lie group homomorphism

f:G—=G (21)
is required to be both a group homomorphism and a smooth map. Similarly, a linear function
fra—d
is called a Lie algebra homomorphism if it preserves the Lie bracket:
(9] = /@), f)]] (22)

Vzx,y € g, where the LHS involves the Lie bracket in g and the RHS involves the Lie bracket in g’.

Proposition 2. If f : G — G’ is a Lie group homomorphism, the derivative
fo=fiera—d
is a Lie algebra homomorphism, where g = Lie(G) and g’ = Lie(G").

Proof. The linear map on vector fields induced by f takes left-invariant vector fields to left-invariant
vector fields. The fact that this map satisfies is automatic. O

2.2

We will now review the basic representation theory of Lie groups, generalizing the situation for
usual groups that you already encountered in Math 211 or 314. We say that a real/complex Lie
group G acts on a real/complex manifold M, denoted by

G M (23)
if there exists a smooth/holomorphic map
GxM— M, (g,m) = ®g(m) =g-m
that simultaneously satisfies the usual properties from group theory
Oy = Py 0Oy and d, =1Idyy (24)

and is a smooth/holomorphic map of real/complex manifolds.

Example 2. Because the groups SLy,(K), O, (K), SO,(K) etc are subgroups of GL,(K), they nat-
urally act on K™. More interesting actions can be obtained by observing that various subsets of
n-dimensional space are preserved by the aforementioned actions, for instance

On(R)mS”_lz{x%+~-+xi:1}CR”

U(n) ~ 8§21 = {121\2 T 1} ccr

9



As in the usual case of group theory, we have the actions of a Lie group G on itself

left action g - h = gh
right action g - h = hg™*
adjoint action g - h = ghg ™"

The orbits of an action G ~ M are the sets
Gm:{g-m‘geG}

as m runs over M. While the left and right actions G ~ G have a single orbit (in other words,
they are transitive), the orbits of the adjoint action are just the conjugacy classes of G.

2.3

If a Lie group G acts on a (real or complex) vector space V' in such a way that all the action maps
Q,:V =V

are linear transformations, then we say that V' is a representation of G ﬁ This can be rephrased
in terms of the Lie group (with operation given by composition)

GL(V) = {invertible linear transformations V' — V} (25)
in that giving a representation G ~ V is the same thing as giving a Lie group homomorphism
G = GL(V)], gl—><<I>g:V—>V> (26)
Taking the derivative of at the identity gives us
g— V)] oo (Vo) (27)
where we write g = Lie(G) and define
gl(V) =End(V) := {linear transformations V' — V} (28)

Note that is a vector space with respect to addition and a Lie algebra with respect to commu-
tator, and it coincides with Lie(GL(V')). The following statement is an immediate consequence of
being a Lie algebra homomorphism, which follows from Proposition

Proposition 3. The assignment yields a Lie algebra representation, i.e. an assignment

{6.:v V]

A

of linear transformations (which depend linearly on x) such that

¢[aj,y] = ¢$ o ¢y - ¢y o ¢a¢ (29)
for all x,y € g.

“Note that we allow complex representations V' of real Lie groups G; in this case, each ®, is required to be C-linear,
but the action map G x V — V is only required to be smooth.

10



2.4
The adjoint action Ady(h) = ghg™!

GAG, Ady:G—G (30)

does not constitute a representation because G is not a vector space, but its derivative

‘Gmg, Adj:g— 9 (31)

is a representation, according to the following.

Proposition 4. Formula is a Lie group representation, and its derivative

lg~g, ad.:g—g) (32)

1s a Lie algebra representation. Fxplicitly,

ad(y) = [2,4]| (33)

for all x,y € g. Both and are called the adjoint representation.

Proof. The fact that is a Lie group representation is immediate, as Ad, : g — g is a linear
function (as are all derivatives of smooth maps) which inherits properties from Ady : G — G.
Therefore, its derivative is a Lie algebra representation by Proposition Formula (33) is
best proved by an alternative description of the Lie bracket involving one-parameter subgroups
(to be covered in the exercise session), but let us give an explicit computation for g = gl,, x with
K € {R,C}. We have

Ady(h) = ghg™*

for all g,h € GL,(K). Letting h = 1 4+ tY for an infinitesimal ¢ and any n x n matrix Y (this is
reasonable, since we are identifying the tangent space at e € GL,,(K) with the ambient space of all
matrices), we see that the adjoint representation is given by

Adg(y) = QYg_l

for all g € GL,(K), Y € gl, x. To differentiate the formula above, let g(t) = 1+¢X for infinitesimal
t. Then
gt) L =1—tX +£2X%— ...

and so
Adypy (V) —Y 1+tX)Y(1—tX+...) =Y
adX(Y):limL:lim( + XY ( )=V vy vx
t—0 t t—0 t
which coincides with the Lie bracket of gl,, . O

11



Example 3. For any vector space V', we have a tautological representation
GLV)~V
We may extend this action naturally to any tensor product of symmetric and exterior powers of V.
GLV)~ - 2SVerAVe-..

You have seen at the very end of Math 314 that these representations come into play in Schur-
Weyl duality. This is a statement that for any n € N, we have a decomposition

- )
Ve eV @ (\) @ Sy

n factors partition X

of representations of GL(V') x S,, (the symmetric group permutes the factors in the LHS), where
in the RHS we write Sy for the irreducible Specht modules of Sy, and L(\) for the irreducible
representations of GL(V'). We will characterize the latter in more detail in Lectures and .

2.5

Many of the basic notions from Math 314 apply to Lie groups as they did to usual groups. Given
representations G ~ V and G ~ W (determined by collections {®, : V — V}seq and {Vy: W —
W}geq of linear transformations, respectively) a G-intertwiner is a linear transformation

f:v—w
such that the following diagram commutes

v L w

<1>gl lwg

V%W

for all g € G. If we write ®4(v) = g-v and ¥4(w) = g-w for all v € V and w € W, then the property
of being a G-intertwiner is equivalent to f(g-v) = g- f(v) for all g € G,v € V. If a G-intertwiner
is moreover bijective, then we call it an isomorphism. Recall that a subset of a vector space is
called a subspace if and only if it is preserved under addition of vectors and scalar multiplication.
If we have a representation G ~ V, then a subspace W C V is called a subrepresentation if

o,(W)CW
for all g € G. Moreover, in this case there is an induced quotient representation
G V/W

Given representations V and W of G, we can make their direct sums, tensor products and duals
into G-representations via

GAVaeW, g-(vw)=(9()gw)) (34)
GAVW, g-(vew)=gl) ®g(w) (35)
G VY, (g- M) =Ag™"v) (36)

12



The natural analogues of all notions above (intertwiners, isomorphisms, sub-and-quotient represen-
tations) apply equally well to Lie algebras as to Lie groups. The only difference lies in formulas
(134), (35)), , which must be modified in the case of Lie algebra representations to

gn VoW, z-(vw)=(x@),z(w)) (37)
g VW, z-(vew)=z(v)@w+vz(w) (38)
g VY, (- ) (v) = = (z(v)) (39)

(to get from , , to , , let g = exp(tz) and calculate the derivative at t = 0).

2.6

We will state the following basic facts for representations of (real or complex) Lie groups G, but
they apply equally well for representations of Lie algebras g (over any field).

Definition 10. A representation G ~ V s called irreducible if it does not have any proper
subrepresentations (i.e. no subrepresentations other than 0 or V).

One of the main tools in representation theory is the following result, known as Schur’s lemma.

Lemma 1. Suppose we have a G-intertwiner f :V — W between two representations of G, which
is not identically 0. If V 1s irreducible, then f is injective. If W is irreducible, then f is surjective.

As an immediate corollary of Lemma [l any non-zero intertwiner between two irreducible repre-
sentations must be an isomorphism. All of the above is the same for Lie groups as it was for finite
groups, but some things do not generalize so easily. An example of this is Maschke’s theorem,
which says that any complex finite-dimensional representation of a finite group G ~ V has the
property that any subrepresentation W C V has a complement

VeweWw (40)

such that W’ is also a subrepresentation of V' (an important consequence of this is that finite-
dimensional complex representations of finite groups are completely reducible, i.e. isomorphic to
direct sums of irreducible representations). This result completely fails for Lie groups in general.
For example, consider the action of C (a Lie group with respect to addition) on V = C? via

-6 00

The subspace W = {b = 0} is a one-dimensional subrepresentation of V', but because it is the
unique such subrepresentation, it is impossible to find a decomposition . However, compact
Lie groups and unitary representations will give us a setting in which we can salvage these results.
We will study these (and the corresponding Lie algebras) in the next Lecture.

13



Lecture 3

3.1

You have already seen a version of what follows in Math 314, but we include it for review. Recall
that a Hilbert space is a C-vector space V endowed with an inner product

vev

which is linear in the first argument, satisfies (v1,v2) = (ve,v1) for all vi,ve € V', and (v,v) € Ry
if v # 0. A linear transformation f : V — V is called unitary if it preserves the inner product

(F(o0), fle2)) = (v1,02)
If V = C™ with the standard inner product
(10 2n)s (W1, wn) ) = 241+ o+ 20T (42)
then a unitary linear transformation is simply given by a unitary matrix A as in @, ie. f(v) = Av.

Definition 11. If V is a Hilbert space, then a representation G ~ V is called unitary if all the
action maps ®4: V — V are unitary linear transformations.

Unitary representations satisfy Maschke’s theorem. Indeed, given a subrepresentation W C V of a
finite-dimensional unitary representation G ~ V', one defines

W = {u c V‘(v,W> :0}

The fact that all the ®, are unitary (i.e. preserve the inner product) implies that all the ®, preserve
W' (i.e. W' is a subrepresentation), while the fact that V.= W @ W’ follows from bilinearity and
the fact that (v,v) # 0 if v # 0. After repeated applications of Maschke’s theorem, one concludes
that finite-dimensional unitary representations are completely reducible, i.e.

Ve oV (43)

where V1, ..., V; are irreducible representations.

3.2

A complex representation V of a Lie group G is called unitarizable if it admits an inner product
with respect to which it is a unitary representation. As we saw in the previous Subsection, unitariz-
able representations satisfy Maschke’s theorem and complete reducibility. The following discussion
provides a large source of examples of unitarizable representations.

Definition 12. A real Lie group is called compact if it is compact as a topological space.

All Lie groups we will encounter in this course will be matrix groups, and their compactness
is equivalent (by the Heine-Borel theorem) with being closed and bounded. Thus, we see that
SL,(K), SO, (K), Spa,(K),... for n > 2 are not compact for any K € {R, C}, since one can easily
cook up a matrix in each of these Lie groups that has top-left entry of arbitrarily large absolute
value. However, the unitary groups U(n) and SU(n) are compact because

14



e they are closed, as the equations AT A = I,, and det(A4) = 1 are polynomial in the real and
imaginary parts of the entries {a;;}1<i j<n of a matrix A,

e they are bounded, as >, ; i, la;j|> = tr(AT A) = n.
Proposition 5. Any complex representation V' of a compact Lie group G is unitarizable.

Proof. Since V' =2 C” for some n, we can consider the standard inner product

<'7'>

VeV —5C

given by formula . We may define another inner product by “averaging” the one above over

the compact Lie group G
avg
(or02)™ = [ (By(00),24(0))dg (44)
G

where dg is known as a Haar measure on G (i.e. a measure which is invariant under the right
action, i.e. dg = d(gh™!) for all h € G; its existence is beyond the scope of our course). The
compactness of G means that the formula above is well-defined, and the fact that it determines an
inner product is a straightforward check of the axioms, which we recommend you do. To show that
V with the inner product is a unitary representation, choose any h € G and note that

(onto0). @u02))™ = [ (@000} = [ (®y(00). 9, 00) (a7

The RHS of the above is equal to the RHS of precisely because dg is a Haar measure. O

3.3

As we have seen in the previous Subsections, the representation theory of compact Lie groups is
simpler than that of arbitrary Lie groups. However, the two can be related by a procedure known
as “Weyl’s unitary trick”. The following is an important result, which we will not prove.

Theorem 1. Any Lie group has a mazimal compact subgroup, and any two such mazximal compact
subgroups are conjugates of each other.

Thus, we will often speak of “the” maximal compact subgroup, at least up to conjugation. For
example, in the following table we list maximal compact subgroups of important matrix groups

GLy(C) ~ U(n)
Ln(C) ~ SU(n)
Ln(R) ( )

SLy(R) ~ SOn(R)

The maximal compact subgroup of Spa,, (R) is also isomorphic to U(n), while the maximal compact
subgroup of Spay, (C) is its intersection with U(2n) inside square matrices of size 2n. Induction and
restriction (which you learned in the context of finite groups in Math 314) allow one to relate the
representations of a Lie group with those of its maximal compact subgroup. When it comes to Lie
algebras, compact Lie groups are special for the following reason.

>
>
>
>
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Theorem 2. If G is a connected compact Lie group, then the exponential map
g—G

(that was defined in the exercise sessions) is surjective.

Proof. (sketch) An important and difficult result called the Peter-Weyl theorem implies that
any compact Lie group G embeds into U(n) for some n > 0. With this in mind, the exponential
map g — G coincides with the restriction of the exponential map

u(n) - U(n) (45)

The map is given by the usual matrix exponentiation, so it suffices to show that it is surjective.
This is a well-known consequence of the fact that any unitary matrix is diagonalizable

g =P -diag(e?,... ). p~t
with P unitary and 64,...,0, € R. Therefore, the logarithm of g
z = P - diag(ib,, . ..,i0,) - P~}

is well-defined and lies in u(n). O

3.4

Until now, we have presented results that were completely parallel between the real and complex
settings. We will now show the rich interplay between these two settings.

Definition 13. If ¢ is a real Lie algebra, we call
tc=terC=tapt:

(with the same Lie bracket, but extended to complex coefficients) the complexification of ¢.

Conversely, if a complex Lie algebra g is isomorphic to £c for a real Lie algebra &, then we call £ a
real form of g. Complexification is a powerful tool, but it is not always obvious, for instance

(slhr)c = slyc = su(n)c (46)

(in other words, sl,, ¢ has two interesting real forms). While the first isomorphism is obvious (just
extend the coefficients of matrices from real to complex), we invite you to prove the second one.

Definition 14. Let K be a compact real Lie group. A complexification of K is a complex Lie
group G together with an embedding of smooth manifolds

K—d

which is universal with respect to real Lie group homomorphisms from K to complex Lie groups.
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Above, universality means that any real Lie group homomorphism K — G’ with G’ a complex Lie
group factors uniquely through a complex Lie group homomorphism G — G’. The following result
is very important, but its proof goes beyond the scope of our course.

Theorem 3. Any compact real Lie group K admits a complexification G, whose mazximal compact
subgroup is K itself. The Lie algebra t = Lie(K) is a real form of g = Lie(G).

As an example, recall that stated that sl,, ¢ is a complexification of su(n). Let us show that
SL,(C) is a complexification of SU(n) (47)

Any compact subgroup of SL,(C) preserves an inner product on C" by the argument in the proof
of Proposition |5 so any such compact subgroup must be contained inside a conjugate of the unitary
group; thus, we conclude that SU(n) is a maximal compact subgroup of SL,,(C). To see that
satisfies the universality property of Definition a good way is to realize SU(n) and SL,(C) as
one and the same matrix group, but the former with real coefficients and the latter with complex
coefficients. The solution is to consider

{A, B € Matyxn|AAT + BBT = I,,, ABT = BAT, det(A + Bi) = 1} (48)
with multiplication given by
(A, B)(A',B') = (AA' — BB', AB' + BA')

Check that the above multiplication defines a group. When A, B are real matrices, we see that

A+ Bi is a unitary matrix, and so we recognize the above group as SU(n). When A, B are complex

matrices, one needs to check that any matrix g € SL,(C) can be uniquely written as A+ Bi, where
1 T,—1

. . . N T,~ _
A and B are complex matrices which satisfy the conditions in (set A= g+92 ,B=9—).

Remark: as a partial converse to Theorem@ we have the following (you are not expected to know
what “semisimple” means yet, but you will learn in Lecture @

Theorem 4. Suppose a complex Lie algebra g is semisimple, in the sense of Definition[20. Then it

has a real form € which is the Lie algebra of a compact Lie group K. Moreover, if G is the connected
complex Lie group with Lie algebra g, one can choose K to be a maximal compact subgroup of G.
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Lecture 4

4.1

In Lectures [If and [2 we showed how to go from a Lie group (and its representations) to a Lie
algebra (and its representations). We will now show how to go backward, and this will allow us to
reduce the study of Lie groups to that of Lie algebras. This is beneficial because Lie algebras are
“linear” objects, and thus very amenable to being studied using the tools of linear algebra.

Let G be a (real or complex) Lie group. A subgroup H C G is called a

e Lie subgroup if H < G is an immersion
e closed Lie subgroup if H — G is an embedding
The terminology for closed Lie subgroups is motivated by the (non-obvious) fact that they are also

closed as topological subspaces of G. Most Lie subgroups of interest will turn out to be closed, for
example the stabilizers of Lie group actions G ~ M

Stabg(m) = {g € G‘g-m = m}

are all closed Lie subgroups of G. However, there exist examples of non-closed Lie subgroups, e.g.
the image of the group homomorphism R — R2/Z2 ¢ v (t,ct) for some ¢ € R\Q. The following
theorem is not a difficult result, but because it requires more differential geometry than we are
willing to do in this course, its proof will be skipped.

Theorem 5. (a) If H C G is a normal closed Lie subgroup, then
G/H

has an induced structure of a Lie group.

(b) If f : G — G' is a Lie group homomorphism, then Ker f is a normal closed Lie subgroup, and
we obtain an induced Lie group homomorphism

G/Ker f — G’

which is an tmmersion. Im f is a Lie subgroup of G' on general grounds; if it is moreover a closed
Lie subgroup of G' then we have the following analogue of the first isomorphism theorem

‘G/Kerf%lm f‘

(c) The center Z(G) is a closed Lie subgroup.
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4.2

Given a Lie algebra g in the generality of Definition [0} a subspace h C g is called a

e (Lie) subalgebra if it is closed under the Lie bracket, i.e. [h, ] C b;

e ideal if [g,h] C bh. The kernel of any Lie algebra homomorphism is an ideal.

Check for yourself that if h C g is an ideal, then g/b inherits a Lie algebra structure. The following
result is an analogue of the correspondence theorem that you saw for groups in Math 211.

Theorem 6. Ifh C g is an ideal, then there is a one-to-one correspondence

(Lz’e subalgebras h C a C g) > (Lie subalgebras a C ﬁ) (49)
given by a = w(a) and a = 7 1(a), where

m:g—g:=g/b
is the natural projection. In ([49)), a is an ideal of g if and only if a is an ideal of g.
One may also represent quotients in terms of short exact sequences of Lie algebras
¢ -
0—-h—>g—>9g—0 (50)

with the implication being that Im ¢ is an ideal in g, and ¢ : g/Im ¢ — g is an isomorphism.

Definition 15. Given Lie algebras g1 and go over the same ground field, their direct sum

(51)

has Lie bracket defined by

[(1’17372)7 (yhyz)} = ([‘Tlayl]? [33271/2])
In other words, the subalgebras g1 &0 and 0 @ go in are ideals of g.
For example, show that we have an isomorphism of Lie algebras

gl x = K@ sl, (52)

over any ground field K of characteristic that does not divide n, where the right-hand side is the
direct sum of the trivial one-dimensional Lie algebra (with Lie bracket zero) and sl,, k.

Definition 16. Given an element x in a Lie algebra g, its centralizer is

32(0) = {v € a[lz.4] = 0} (53)

The intersection of all the centralizers is called the center of g

3(9) = {y € allz.s] = 0, Vo € o} (54)
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We include the following Theorem to complete the picture between subgroups and subalgebras; its
proof follows the sketch of the proof of Theorem |8 so we skip it for now.

Theorem 7. Let G be a real/complex Lie group with real/complex Lie algebra g.

(a) If H C G is a Lie subgroup, not necessarily closed, then h = Lie(H) is a Lie subalgebra of g
(the correspondence H ~ Y is invertible if we restrict to connected H ).

(b) If H C G is a normal closed Lie subgroup, then b = Lie(H) is an ideal of g, and

[Lie(G/H) = g/9]

(c) Lie(Z(G)) = 3(g) if G is connected.

4.3

The above Theorem establishes a correspondence between subgroups of a Lie group G and subal-
gebras of g = Lie(G). The following result generalizes this fact.

Theorem 8. (a) For any real/complex Lie groups G and G' (with G connected), there exists an
mnjective assignment

{Lie group homomorphisms G — G’} ~ {Lz’e algebra homomorphisms g — g'} (55)

(given by derivative at the identity element) where g = Lie(G), ¢’ = Lie(G").
(b) If furthermore G is simply connected, then s a bijection.
It is clear why Theorem [§|requires G to be connected, because g only “knows” about the connected

component of the identity in G. The simply-connected assumption is necessary to rule out examples

like
gl — { 2z

ze R} with Lie(S!) =R
(the operation on S! is multiplication, while the Lie bracket on R is zero), in which case

Homy,;e group(Sla Sl) =7 but Homyge algebra (Ra R) =R

Proof. of Theorem[§ (sketch): (a) The assignment is given by taking the derivative, and we
have already seen in Proposition [2| that it takes a Lie group homomorphism f : G — G’ to the Lie
algebra homomorphism f, : g — g’. By Exercise Sheet 2, Problem 3, we have

flexp(x)) = exp(f())

for any z in a neighborhood of 0 € g. This means that knowledge of f, determines f completely
in a neighborhood of e € G. However, any connected Lie group is generated by any neighborhood
of the identity (it is not hard to show that the subgroup generated by any open subset must be
open; if H C G is the subset generated by an open neighborhood U of the identity, then G\ H is
also open, because for any g € G\H we must have gU N H = (; since G is connected, this implies
that H = G) so we conclude that f, completely determines f, i.e. the assignment is injective.
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(b) Let us show that any Lie algebra homomorphism ¢ : g — g’ can be lifted to a Lie group
homomorphism f : G — G’, i.e. ¢ = f,. To this end, we invoke the Baker-Campbell-Hausdorff
formula from Exercise Sheet 2, Problem 5:

exp(z) exp(y) = exp <x +y+ [:U’Qy] +. )

Then the function
f:G—= G, flexp(x)) = exp(p(z))

gives a Lie group homomorphism in a neighborhood of the identity e € U C G, because

f(exp(x) exp(y)) = f <exr> <a: +y+ [x,2y] +. )) = exp <90(fv) +oy) + ¢ <[x’2y]> +. ) _

[p(z), 0(y)]

SdCHS ) — exp(p(x)) exp(p(y)) = f(exp(a)) f(exp(y))

= exp (so(w) +e(y) +
As we have seen in part (a), the group G is generated by U. Thus, for any g € G we can choose
€=90,915---,9k—1,9k = g (56)
where each g;_1 is close enough to g; so that g;g;_ 11 € U. This means that we can define

£(9) = Flaegi ) flak—19:"5) - - F(g297 ) f(g195 ) (57)

To show that this is well-defined, the key observation is that the value of f(g) above is independent
of the choice of . To see this, consider any

€ =460,91,---,9k—1,9k :g:g;cHgllg’—l?"wg/lagé =€

then string a path through the g;’s and a path through the g/’s, and then take a homotopy between
the two paths (which exists because G is simply connected). We leave the details to you. The
independence of on the choice of also proves f(gh) = f(g)f(h), because one can construct
a sequence from e to gh by stringing together an analogous sequence for g and one for h. [

4.4

The following result is sometimes known as Lie’s third theorem.

Theorem 9. Any finite-dimensional real/complex Lie algebra g has the property that
g = Lie(G)

for a unique (up to isomorphism) simply connected real/complex Lie group G.
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Proof. (sketch): This is a quite difficult result, unless one accepts Ado’s theorem: any finite-
dimensional Lie algebra (over any field) has a faithful finite-dimensional representation, i.e. one
such that is injective. Therefore, we may assume that our Lie algebra satisfies

gCglx

for K € {R,C}. Let G’ C GL,(K) to be the closure of the subgroup generated by {exp(X)}xeq
with respect to the usual matrix exponential. To obtain a simply connected Lie group, we define

G = {paths ~v:[0,1] = G,~(0) = e}/homotopy
made into a Lie group with respect to pointwise multiplication of paths. The covering map
G—=G, vl

is a Lie group homomorphism. It is well-known that G and G’ have the same tangent space at the
identity, which is g by construction. The uniqueness is a special case of Theorem [8] O

4.5

A particularly important special case of the results in the previous Subsections arises in the study
of Lie group representations

G~V & Lie group homomorphisms G — GL(V) (58)

Theorem |8 implies that if G is connected (for example SL,(R), SO,(R), Spa,(R), U(n), SU(n),
GL,(C), SL,(C), SO,(C), Sp2,(C)), then such a representation is completely determined by the
induced representation of g = Lie(G)

g~V < Lie algebra homomorphisms g — gl(V) (59)

If moreover G is simply connected (for example SU(n), SL,(C), Sp2,(C)), then any representation
can be uniquely lifted to a representation . This is very convenient, as it reduces the study
of Lie group representations (which is a more complicated problem that interweaves algebra and
geometry) to the purely linear algebraic problem of studying Lie algebra representations. Therefore,
in the remainder of this course we will only study Lie algebras and their representations.
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Lecture 5

5.1

We henceforth only consider complex Lie algebras, and thus drop the subscript C from our notation.
Before we develop the general theory of complex Lie algebras, let us focus on the simplest example

()

and study its representations (all representations will henceforth be assumed complex). The machin-
ery developed in the previous Lectures allows us to prove that any finite-dimensional representation
sl ~ V' is completely reducible, i.e.

a,b,c,dGC,a—l—d:O} (60)

VeEVe--aV (61)

where V; are all irreducible representations. The argument goes as follows: V restricts to a repre-
sentation of the real form su(2) of sly, and so V' can be promoted to a Lie group representation of
SU(2) by the discussion in Subsection Since SU(2) is compact, Proposition [5| and Subsection
imply a decomposition as representations of SU(2). Using the discussion in Subsection
again allows us to consider the decomposition in question as one of representations of su(2), and
Exercise ... allows us to lift this decomposition to one of representations of su(2)c = slo.

5.2

We will now give a purely algebraic (and very explicit) description of the finite-dimensional repre-
sentations of sly. We begin by observing that sl is a three-dimensional complex Lie algebra

slh=CE®CH®CF

R

The Lie bracket can be easily computed from commutators of matrices

where

[H,E|=2E, [H F|=-2F, |[E,F]=H (63)

Any Lie algebra has the trivial representation C on which all elements act by 0, and we will
denote the trivial representation of sly by L(0). Moreover, we can construct a two-dimensional
representation sly ~ L(1) = C2 by considering the natural action of 2 x 2 matrices on C2.
Convince yourselves that L(0) and L(1) are both irreducible representations.

5.3

For any n > 0, the action sly ~ C? generalizes to the n-th symmetric power of C?

SnC? = {linear combinations of w1 ® - - - ® wy, wl,...,wn6(CQ}/(---w@)w'---—---w’®w--->

If we let eq, e be the standard basis of C2, then we obtain a basis of the n-th symmetric power

n
nm2 __ _ RKN—1
S"Ce = @(Cvi, where v; = e’ ®e5
=0
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and so S™"C? has dimension n + 1. Moreover, the action sly ~ C? extends to an action

sly ~ L(n) = S"C?

given by the formula z - (w1 ® --- @ wy) = > " w1 ® -+ @ z(w;) ® - - - @ wy, and explicitly by

Evi = (n — 7;)’1}1'_;,_1 (64)
FUZ‘ = Z"Uz'fl (65)
Hv; = (2i — n)v; (66)

It is easy to check from the formulas above that L(n) is irreducible for all n, and that H acts by a
diagonalizable operator. We will soon see that the latter is actually a general feature. Recall that
unless otherwise stated, all our representations will be complex.

Proposition 6. Any n + 1 dimensional irreducible representation of sly is isomorphic to L(n).

Proof. Consider an irreducible representation sl ~ V" and let us consider the eigenspaces of H
Ve = {UEV‘H%}:&)}
It is an easy consequence of that
E-V, C Vo
F-V,CVig

for all . This implies that the direct sum of all V;’s is a subrepresentation of V', which must be
non-zero because H has at least one non-zero eigenvector (this is where we need to use the fact
that our representations are complex). Because V is irreducible, we conclude that

V=PV

Because V is finite-dimensional, only finitely many of the V;’s are nonzero. Let us consider a
maximal such ¢, i.e. such that V; # 0 but Vy,9 = 0. For any 0 # v € V}, show using that

v,Fv, F*v,...,F™ (67)

form a subrepresentation of V, where n + 1 is the smallest positive integer such that "1y = 0.
The vectors are linearly independent, because they lie in different eigenspaces of H. Because
V' is irreducible, we conclude that
n
V=@HCF
i=0

It is easy to check that the assignment F'v — (Z:.i)! gives an isomorphism V 2 L(n).
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5.4

Having fully characterized the irreducible representations of sls, let us now characterize general
finite-dimensional representations. As explained in Subsection [5.1] any finite-dimensional represen-
tation slo ~ V splits up as a direct sum of irreducible representations. By Proposition [6] there
exist ny,...,n; € N such that

V=Ln)®- - @ L(ng) (68)

This property is called the complete reducibility of finite-dimensional representations of sls.

Proposition 7. Any finite-dimensional representation sls ~ V has a decomposition

V=W (69)

where V; = {v € V|Hv = fv}. Those {’s such that V; # 0 in the above formula are called the
wetghts of V', and the corresponding Vy are called the weight spaces.

Note how different the situation would have been if we replaced sly by the one-dimensional Lie
algebra CH =2 gl;. Since a representation of the latter Lie algebra boils down to an abritrary linear
transformation H on a vector space, there would be no restriction on the eigenvalues of such an H.
In stark contrast, the presence of E' and F in the Lie algebra sls forces H to act as a diagonalizable
matrix with integer eigenvalues.

Proof. of Proposition @ By , it suffices to prove the result for V' = L(n). In this case, we saw
in that the irreducible representation L(n) has a weight decomposition with weights

nn—2,...,2—n,—-n (70)

O]

Because the weights of irreducible representations are symmetric around the origin, and because
every finite-dimensional representations of sls is a direct sum of the form , we have the following
consequence (which plays an important part in the hard Lefschetz theorem in algebraic geometry).

Corollary 1. If V is a finite-dimensional representation of sly, then for all k € N, the linear
transformations E¥ and F* give isomorphisms between the k-th and —k-th weight subspaces of V.

Corollary 2. Assume that a representation slo ~ V has finite-dimensional weight subspaces, and
the subrepresentation generated by every vector is finite-dimensional. Then V is finite-dimensional.

Proof. If V were not finite-dimensional, then we can inductively construct a subrepresentation
Lni))®-- & L(ng) =V (71)

for arbitrarily large k£ € N. Indeed, consider a subrepresentation as in and let v be a vector
not inside it. By the hypothesis, v generates a finite-dimensional sly representation W. Letting W
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be the sum of W and L(n1) @ --- @ L(ng) means that W is a finite-dimensional representation of
slp, hence completely reducible. We may then find natural numbers ng11, ..., ngrr such that

L(nl) D---D L(nkJrk/) 2W sV

This concludes the proof of the fact that there exists an inclusion for arbitrarily large k.
However, every one of the irreducible representations in contributes a dimension of one to
either the 0-th or the 1-st weight subspace of V', by . Since the latter are finite-dimensional by
assumption, we obtain a contradiction. O

9.5

We will now define the Casimir operator for sly, which will be introduced in all its glory in
Subsection Consider any representation

sl AV

and consider the linear transformation

H2
C=EF+FE+— V=V (72)

(above, we slightly abuse notation by writing F, F, H for the linear transformations on V' induced
by the same-named elements of sly). We stress the fact that C' is not an element of sly, but it can
be understood as an element in the universal enveloping algebra of sly, as in the following Lecture.
In the meantime, let us observe that the defining relations in the Lie algebra sl imply that

H2
C=2FE+H+ — (73)

More importantly, we have the following property.

Proposition 8. The operator C' commutes with E, F, H. In particular, if V is irreducible, then C
is a scalar multiple of the identity (by Schur’s Lemma).

Proof. The Proposition is easy, but very important, so we present the details. Formulas and
the Leibniz rule for commutators of products imply that

H[E,H] |[E,H|H
[E,C] = E[E,F]+ |E,F|E + [2’ ]+[ ’2} =FH+HE—-HE—-EH =0
[F,C] = [F,E|F + F[F,E] + HU;’ H] + IF, g]H =—-HF -FH+HF+FH =0

[H,C] = [H,E|F + E[H,F| + [H,F|E + F[H,E] = 2EF — 2EF — 2FE + 2FE =0

O
To compute the constant by which C acts on the irreducible representation L(n), it suffices to
compute its action on the highest weight vector v,,. Because Ev, = 0, then implies that

n(n + 2)

Cv, = 5 Un
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so we conclude that the constant in question is w For later purposes, it will be important to
calculate the action of the terms EFF and F'E on the ¢-th weight subspace of L(n) for all ¢ € Z,
which is also quite easy from formulas —

EFv;=i(n—i+ 1) = EF _(n+ O —-t+2) (74)
weight £ 4
2 _
FEv = (i+1)(n—iy; = FE _(n+e+2)(n—0 75)
weight £ 4
H? (2i —n)? H?2 2
71}1 a Tvz = 7 weight £ N 5 (76)

(n+€)(274+2) + (n+€+£21)(nff) + 2 _ n(n+2), v/

This gives us another proof of C|yeight ¢ =

2 2

5.6

Let us finally present the character theory of sly, which will give us a very elegant way to determine
the numbers ni,...,n; in . Specifically, for a finite-dimensional representation with weight
decomposition , we define its character as the formal series

Xv = Z(dim Vi)z*
LeZ

It is easy to check that the character satisfies the properties

Xvev = XV + Xv’ (77)
XVeV = XVXV' (78)
Xvv =Xv (79)

(where oA = z%) with respect to direct sum, tensor product and dual representations, see ,
, . Moreover, the explicit description of the weight spaces of L(n) in ([70) shows that

n+1 _ Z—n—l

1

z

= 80
XL(n) . — o ( )
By (77)), the character of an arbitrary finite-dimensional representation V' that decomposes as

would be
ZTLi-‘rl _ Z_ni_l
Xv = I E—
; z—2z
=1
and it is easy to see that one can extract the set of non-negative integers {ni, ..., ng} from xy. Thus,
the decomposition is unique up to reordering the summands, and is completely determined by
xv. This allows us to prove the following formula for all m > n, known as the Clebsch-Gordan
rule
Lim)® L(n) 2 L(m+n)®Lm+n—-2)®---®&Lim—n+2)®L(m—n) (81)

simply by showing that the left and right-hand sides have the same character (use and )
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Lecture 6

6.1
We will now systematically study Lie algebras g and their representations
gV (82)

First of all, while the notion of Lie algebra representations may seem strange at first (for any x € g
you get a linear transformation ¢, : V' — V such that

d)[w,y] = ¢z 0 Py — Gy O Pz

for all x,y € g), it is actually a particular case of the familiar notion of an algebra representation.

Definition 17. Let g be a Lie algebra over a field K. Make the vector space

Tg=K@PoPosewesPocezsP. .

into an algebra (i.e. a ring with K inside) via concatenation of tensors. Then the quotient

Ug:Tg/(az@by—y@x—[w,y])weg (83)

1s called the universal enveloping algebra of g.

Note that in the right-hand side of , we factor by the two-sided ideal consisting of linear
combinations of tensors

t1®:r®y®t2—t1®y®x®t2—t1®[x,y]®t2 (84)

for any tensors t1,to € T'g and any x,y € g. The effect this has on Ug is to ensure that [x,y] is
identified with the commutator z ® y —y ®x in all formulas. While the construction of the universal
enveloping algebra might seem a little dry, prove by yourself the fact that

g ~ V is a Lie algebra representation & Ug ~ V is an algebra module

In the right-hand side, recall that V' being a module of the algebra Ug means that we have for all
z € Ug a linear transformation ¢, : V' — V such that

Grw = ¢z0¢y and ¢ =Idy

6.2

In general, quotients of non-commutative algebras such as are quite badly behaved, e.g. they
could have zero divisors. However, this is not true for universal enveloping algebras of Lie algebras
due to an important structural result known as the Poincaré-Birkhoff-Witt (PBW) theorem. In a
nutshell, this theorem starts from a K-basis

Tiyene, Tp (85)
of g as a vector space, and claims that the symbols
ez =21 ® QT ®L® - RT® QI ® - ® Ty (86)
ay factors az factors an factors
give rise to a basis of Ug, as ay, ..., a, range over the non-negative integers.
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Theorem 10. We have a vector space isomorphism

o0
Ug= P K-aft.. . (87)

at,...,an=0

Let us show that the symbols z7' ... 2% span Ug (the fact that they are linearly independent is

n
more difficult, and we will not prove it). By definition, Ug is spanned by tensors of the form

Ti, @ -+ ®@x;, where 1 < iq,...,7, < n. We are trying to prove the fact that any such tensor can
be “ordered” so as to have i; < --- <. If at some point we have i; > i541, we apply the equality

("'®$is®$is+1®"'>: ("'®$is+1®xis®”')+("'®[$isa$is+1]®"')

One can re-express the Lie bracket [z;,, ;] as a linear combination of x;’s, and note that the
right-most term in the above expression has k — 1 tensor factors. Thus, after finitely many such
steps, any tensor x;, ® --- ® x;, can be written as a linear combination of ordered tensors.

Note that the symbols run over a basis of the symmetric algebra

Sa=K@PasP *s P s P ..

Therefore, is an isomorphism of vector spaces
Ug=Syg (88)

However, we note that is not an isomorphism of graded vector spaces. Indeed, while Sg and
Tg are graded algebras (with S"g and g®" in degree n), the quotient Ug is not graded because
we set the degree 2 element 2 ® y — y ® = equal to the degree 1 element [z,y]. However, Ug is a
filtered algebra, i.e. there exists a sequence of subspaces

[e.9]
Uog CUIgC -+ CUng C--- CUg such that Ug = ] Ung
n=0

such that Ugg - Usg C Ugr¢g. Indeed, the natural choice is to define Upg as the image of @fzog@
in the quotient , which is a good idea because any commutation relation between < k tensor
factors will also involve < k tensor factors.

Proposition 9. For any x € Uig and y € Upg, we have

2y —yx € U109

Therefore, the induced associated graded algebra

o0

grUg=EPp (Ung/Un_19>

n=0

1s commutative.
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Proof. Assume x =211 ® - ®@xp and y = y1 @ - - - ® yp. Then the commutator xy — yz equals

koot
ZZZM@“'@%A®y1®~-®yj—1®<$i®yj*yj®$i>®yj+1®-~-®yz®$i+1®“'®ﬂfk
i=1 j=1

=[zi,y;]

which is clearly in Ug4¢—_19.
O

With Proposition [9] in mind, we can upgrade the Poincaré-Birkhoff-Witt theorem to the existence

of an isomorphism of graded algebras
gr Ug = Sg (89)

which sends z;, ® --- ® x;, to x;; ... x;,. In particular, this shows that the natural composition
g—Tg—Ug (90)

is injective, which is not obvious from the mere fact that Ug is a quotient of T'g by an ideal.

Example 4. When g = slo, the universal enveloping algebra is quite simple
Usly = K<E,F,H>/ (HE = E(H +2),HF = F(H — 2),EF — FE = H)
This allows us to construct numerous representations of sla, such as for any A € K
M\ =K[F]=Kl¢oKFoKF?a... (91)

via E1 =0, H1 = X and F acting by multiplication. The rest of the action is determined by the
defining relations of Usla. The above infinite-dimensional representation has weights A\, A — 2, A —
4,..., in stark contrast with finite-dimensional representations, which we have seen have weights
which are all integers and symmetric around 0. In Lecture we will see that s an example
of a Verma module.

6.3

We will now introduce the natural Lie algebra versions (over any ground field K) of the abelian,
solvable and nilpotent groups that you studied in Math 211 . We start by calling a Lie algebra g
abelian if its Lie bracket is identically 0, which is equivalent to Ug being commutative.

Definition 18. A Lie algebra g is called solvable if it has a chain of Lie subalgebras
0=g0Co1 C--Cogr=9

such that g;—1 is an ideal in g; and g;/gi—1 is abelian for alli € {1,...,k}.
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As in group theory, Definition [I§ may be re-expressed in terms of commutators. Given subspaces
A, B of a Lie algebra g, we will write

(A, B] = span{[a,b]‘a € Abe B}
In particular, the derived Lie subalgebra of g is

Dg = [g, 9] (92)

Prove that Dg is an ideal. Moreover, it is a well-known fact, which we invite you to prove, that g
is solvable if and only if the so-called derived series

g2 Dg2D(Dg)2... (93)

eventually terminates with the 0 subalgebra.

Definition 19. A Lie algebra g is called nilpotent if it has a chain of ideals
0=g0CgC--Cor=9

such that [g, ;] C gi—1 for alli € {1,...,k}.

It is a well-known fact, which we invite you to prove, that g is nilpotent if and only if the series

g21g,0] 2109 0g,0]]2... (94)

(called the lower central series) eventually terminates with the 0 subalgebra. Since a Lie algebra
is abelian if and only if [g, g] = 0, we conclude that

abelian C nilpotent C solvable

holds in the world of Lie algebras as it did in the case of groups. The fundamental example of
abelian, nilpotent and solvable Lie algebras are

h= {diagonal matrices} (95)
n= {strictly upper triangular matrices} (96)
b= {upper triangular matrices} (97)

respectively, all regarded as Lie subalgebras of gl,, with the usual Lie bracket commutator. It is a
good idea to check the above statements. The following result is proved just like in group theory.

Proposition 10. Any subalgebra or quotient of an abelian / nilpotent / solvable Lie algebra is
abelian / nilpotent / solvable. Conversely, if we have an ideal

iCg

such that i and g/i are solvable, then g is solvable (in order to have this property for nilpotent Lie
algebra, we would need to further assume that i lies in the center of g).
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6.4

For the remainder of this Lecture, we assume that the ground field K is algebraically closed.
Under this assumption, it is well-known that a commutative family of endomorphisms of a finite-
dimensional vector space can be simultaneously triangularized. In particular, if an abelian Lie
algebra g acts on a representation V', there exists a basis of V' so that the action is given by upper
triangular matrices. It turns out that the same is true for solvable Lie algebras, as in the following
important result called Lie’s theorem.

Theorem 11. If a solvable Lie algebra g acts on a finite-dimensional representation V' (over an
algebraically closed field), then there exists a basis of V' so that the action is given by upper triangular
matrices.

Proof. Let us write {¢;}zeq € End(V') for the operators that encode the action g ~ V. It suffices
to show that all the ¢, have a joint eigenvector v € V, because then one can obtain the desired
result by induction on dim V' (we can obtain a full flag of subspaces of V' which is preserved by the
operators ¢, by taking a full flag of subspaces of V/Kv and appending Kv to it). We will prove
the aforementioned claim by induction on dim g. Since g is solvable, we have

DgCg

so the quotient g/Dg is a non-zero abelian Lie algebra. Therefore, any codimension 1 subspace in
g/Dg is an ideal, and by the correspondence theorem we conclude that there exists a codimension
1 ideal i C g. By Proposition[I0] i is a solvable Lie algebra, and so the induction hypothesis implies
that there exists 0 # v € V such that

x-v=\z)v (98)

for all x € i, where A is a linear functional on i. Pick y € g\i and consider the subspace

W:Span{v,y~v,y2-v,...}

For any = € i and k > 0, you can prove the following elementary identity in Ug

oy —yx+z() sl sl (99)

)

1 Y’s

Since all the commutators in the right-hand side lie in i, applying the above relation to v yields

vt v = Hz() (gl gl gy

)

T

Thus, any z € i acts on W upper triangularly in the basis v,y - v,...,y™W =1 .y of W, with the
constant A(z) on the diagonal. Therefore,

tr (zlw) = A(z) dim W

for all x € i. However, y also preserves W, and [i,y] C i on account of i being an ideal of g. The
fact that commutators have trace 0 implies that

Az, y]) =0 (100)
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for all x € i. Let us now consider the non-zero subspace
W' = {v € V‘x v = \z)v, Vo € i}
for the same linear functional as in . For any = € i and w € W', we note that
z-(y-w)=y-(z-w)+[z,y] w=Az)y w+ M[z,y))w
Since the second term in the right-hand side vanishes by , we conclude that yw € W’. Thus,

the action of y preserves W', so it has an eigenvector w’ € W’. This w’ will be an eigenvector for
the whole of g =i @ Ky. O

Corollary 3. All irreducible finite-dimensional representations (over an algebraically closed field)
of a solvable Lie algebra are one-dimensional.
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Lecture 7

7.1

In the last lecture, we saw that if V' is a representation of a solvable Lie algebra g over an alge-
braically closed field K, then the action Lie algebra homomorphism

g—gl(V)

lands in the Lie subalgebra b C gl(V') of upper triangular matrices (with respect to some basis).
The analogous result for nilpotent Lie algebras and strictly upper triangular matrices is false (for
example, V' being a one-dimensional representation of a one-dimensional Lie algebra), but we have
the following replacement. In what follows, we assume char K = 0, but K needn’t be algebraically
closed.

Theorem 12. If a Lie algebra g acts on a finite-dimensional representation V' by nilpotent opera-
tors, then there exists a basis of V' so that the action is given by strictly upper triangular matrices.

Proof. 1t suffices to show that all the operators {¢;}.eq that make up the action on V' annihilate
a non-zero vector v € V, because then one can obtain the desired result by induction on dim V'
(we can obtain a full flag of subspaces of V' which is preserved by {¢,}.cq by taking a full flag of
subspaces of V/Kv and appending Kv to it). We will prove that all {¢},c4 annihilate a common
non-zero vector by induction on dimg. First of all, we may replace g by the image of the action
homomorphism g — gl(V'), which allows us to assume g C gl(V'). Then let us assume that

g has a codimension 1 ideal i (101)

By the induction hypothesis for i, the subspace
W:{UEV‘x-vzo, Vxei}
is non-zero. Fix y € g\i. Because

——
€i
for all z € i and w € W, we conclude that the action of y sends W to itself. However, the action of
y is via a nilpotent operator. Since a nilpotent operator always annihilates some non-zero vector,
we conclude that there exists 0 # w € W such that y-w = 0. As z-w = 0 for all z € i, we conclude
that the action of all elements of g annihilates w.

Let us now explain why there exists a codimension 1 ideal i C g, thus justifying the assumption
(101)). We choose i to be maximal proper Lie subalgebra of g, and assume that codim i > 1.
Consider the representation

i g/i, x - (y mod i) = ([z,y] mod 1)

The action above is by nilpotent operators, being a block of the action ad : i ~ g, which is by
nilpotent operators due to the assumption g C gl(V') (there is a subtlety to prove here: if X € gl(V')
is a nilpotent operator, show that ady : gl(V) — gl(V) is nilpotent, i.e. ad% = 0 for some n).
The inductive hypothesis of Theorem [12|implies that there exists y € g\i such that [i,y] C i. This
implies that i @ Ky is a larger proper Lie subalgebra than i, which provides a contradiction. O
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Theorem [12] implies the following result, commonly known as Engel’s theorem.
Corollary 4. A Lie algebra g is nilpotent if and only if ad, € End(g) is nilpotent for all x € g.

The “only if” implication is straightforward. For the “if” implication, Theorem applied to the
adjoint representation gives us a flag of subspaces

0O=VWwcWhc---CcV,=g

so that ad,(V;) C V;_; for all i. Therefore, for any x1,...,z,+1 € g, we have
0 =ady, ocady, o---oady, (Tnt1) = [x1, [T2, ., [Tn, Tpta] - -]
which precisely means that [g,[g,...,[g,9]...]] =0.

n+1 copies of g

7.2

By analogy with the situation of groups, we say that a Lie algebra is simple if it has no proper
ideals, and it is not abelian. The reason for the latter restriction is that it ensures that

[0.0] =9 (102)

as the ideal [g, g] cannot be 0 if g is not abelian. As a consequence, we have:

Corollary 5. Any one-dimensional representation of a simple Lie algebra is 0.

The following notion is a more general version of simplicity.

Definition 20. A Lie algebra is called semisimple if it has no solvable ideals other than 0.

Note that any simple Lie algebra is also semisimple. The reason is that its only ideals are 0 and g,
but g could not be solvable, because otherwise [g, g] would be a proper ideal. The following notion,
that of radical of a Lie algebra, measures how far a general Lie algebra is from being semisimple.

Proposition 11. In any Lie algebra g, the sum of two solvable ideals (i.e. the smallest ideal
containing the two) is solvable. Therefore, there exists a maximal solvable ideal called the radical

rad(g) C g

and g/rad(g) is semisimple.

Proof. Let i and j be solvable ideals of g. The natural isomorphism
(i+j)/i=i/(inj)

(itself an analogue of the second isomorphism theorem for Lie algebras) realizes i+j as an extension
of the solvable Lie algebras i and a quotient of j. By Proposition i+ is solvable. Therefore, the
maximal solvable ideal rad(g) must be defined as the sum of all solvable ideals. The semisimplicity
of g/rad(g) follows from the maximality of rad(g) and the correspondence Theorem [6] (complete

the argument just given).
]
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The definition of the radical entails the fact that any Lie algebra admits a short exact sequence
0 — rad(g) > g = ges — 0

where gss is semisimple. In fact, an important result called Levi’s theorem (which we will not
have time to prove) states that the above short exact sequence actually splits if the ground field
has characteristic 0, i.e.

Y :gss =g st. moy =Idg,, (103)

This means that gss can be perceived as a subalgebra of g, although not as an ideal.

7.3

By generalizing Corollary 3| any irreducible representation (over an algebraically closed field)
gV

has the property that rad(g) acts by scalars. Proof: as in the proof of Theorem the subspace
W = {v € V‘x v = Ax)v,Vr € rad(g)}

is non-zero for some linear functional A on rad(g). However, you can prove by analogy with Theorem
that any y € g\rad(g) also sends W to W; because V is irreducible, then V' = W. As the ideal

[9.rad(g)] C g (104)

was just shown to act on irreducible representations by 0, it is customary to quotient out this ideal
from g. This naturally leads to the following.

Definition 21. A Lie algebra g is called reductive if rad(g) = 3(g).

The defining condition of a reductive Lie algebra is actually equivalent to rad(g) C 3(g) <
[g,rad(g)] = 0, because the opposite inclusion 3(g) C rad(g) is true in any Lie algebra (prove this
claim). With this in mind, Levi’s theorem (103)) implies that a reductive Lie algebra splits as

g= 5(9) D gss

In this case, gss is actually an ideal of g, and the direct sum in the RHS is in the sense of Definition
Thus, we see that reductive Lie algebras are obtained from semisimple ones by adding a center.
The main example is (52)), in which the general linear Lie algebra (reductive) is the direct sum of
the special linear Lie algebra (semisimple, as we will shortly see) and a one-dimensional center.

7.4

Semisimple and reductive Lie algebras can be described in terms of their bilinear forms, as per the
following notion.
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Definition 22. If g is a Lie algebra over a field K, then a symmetric bilinear form

axs U

1s called invariant if
([z,9],2) + ([, 2],9) = 0 (105)
for all x,y,z € g. We will write s.1.b.f. for a symmetric invariant bilinear form.

Condition ((105]) is nice because the orthogonal complement of an ideal with respect to a s.i.b.f. is
also an ideal. The following is a great source of s.i.b.f.’s (we leave this claim as an exercise to you).

Proposition 12. For any representation g ~ V', the assignment

(@, y)v = try (¢z © ¢y) (106)

s a S.1.b.f.

For example, if V' is the usual n-dimensional representation of gl,,, then (X,Y)y = tr(XY). For
a general Lie algebra g, a special role is played by setting V' to be the adjoint representation, in
which case the s.i.b.f.

(x,y)g = trg(ad, o ady) (107)

is called the Killing form.

Theorem 13. If the s.i.b.f. ({L06) is non-degenerate for some representation V', then g is reductive.

Proof. There exists a flag of subrepresentations
o=VWwWcWc.---cVy=V

with V;/V;_y irreducible for all i € {1,...,k}. The fact that the matrices ¢, are all block upper
triangular with respect to the flag above implies that

k

(l’, y)V = Z(ma y)Vi/Vi_l

=1

for all z,y € g. If we take x € [g,rad(g)], then we have already seen in (104) that such z act by 0
in all irreducible representations, and thus lie in the kernel of (-,-)y. Since the latter is assumed
non-degenerate, this implies z = 0, as desired.

O]

As a consequence of this Theorem, all the matrix Lie algebras that we encountered in this course
(gl,,, 800, 01, 8P, u(n),su(n)) are reductive, which you can prove by showing that the s.i.b.f. given
by their usual matrix representation is non-degenerate.
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7.5

We have just seen that the s.i.b.f.’s give a criterion for a Lie algebra being reductive. We
will now see that the Killing form is even more powerful, as evidenced by the following result,
typically called Cartan’s criterion of solvability /semisimplicity, which holds over any field
of characteristic 0.

Theorem 14. (a) A Lie algebra g is solvable if and only if

([x,y],z)g:O, V:C,y,zeg

(b) A Lie algebra is semisimple if and only if its Killing form is non-degenerate.

We will prove Theorem using certain tools that will be developed in next lecture. But let us
apply it to gl,, = (scalar matrices) ®sl,,: clearly scalar matrices are in the kernel of the Killing form,
which shows that gl,, is not semisimple. On the other hand, if we let V' be the usual n-dimensional
representation of gl,,, we have

(Eij, Eyvjr)v = trv (Eij Eyjr) = 0yj0i

which is clearly non-degenerate. Thus, we conclude that gl,, is reductive. The bilinear form above
is also non-degenerate for sl,,, but because the latter Lie algebra is simple, the following result also
implies the non-degeneracy of the Killing form of sl,,.

Lemma 2. Any two non-degenerate s.i.b.f.’s on a simple Lie algebra (over an algebraically closed
field) are proportional.

Proof. 1t is easy to check that any non-degenerate s.i.b.f. on a Lie algebra g gives an isomorphism

g=g

of representations of the Lie algebra g (where the LHS is the adjoint representation and the RHS
is the dual of the adjoint representation). The fact that g is simple is equivalent to the adjoint
representation being irreducible, and then the fact that any two isomorphisms g = g* differ by a

constant multiple is a consequence of Schur’s Lemma.
O

7.6

Let us give without proof some important results on Killing forms of real Lie algebras, see Lecture

Bl

Theorem 15. (a) For any compact real Lie group G, its Lie algebra g is reductive and its Killing
form is negative-semidefinite (the kernel of the form is just 3(g)).

(b) As a partial converse, if g is a real Lie algebra with a negative-definite Killing form, then any
connected real Lie group with Lie algebra g is compact.
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The situation of real Lie algebras with positive-definite Killing form is much simpler and less
interesting than the above Theorem: there are no such Lie algebras except 0. To see this, let g be
a real Lie algebra, and pick an orthonormal basis

n
9 = PR
i=1
for the Killing form. If we let fyfj be the structure constants for the Lie bracket, i.e.

(25, 25] = ady, () = Y Vo
k

then we have for all i € {1,...,n}
(i, i)g = trg(ady, o ady,) = Z vfjvfk (108)
Ji,k=1
However, the identity A
v = (@i, 25}, 2n)g = =@, ), 25)g = =) (109)

implies that the right-hand side of ([L08]) is non-positive, which contradicts the positive-definiteness
of the Killing form.
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Lecture 8

8.1

Semisimple Lie algebras have two important features: complete reducibility of representations, and
Jordan decompositions, both of which we will now state and prove. The ground field K must have
characteristic 0 throughout the entire lecture.

Theorem 16. If V is any finite-dimensional representation of a semisimple Lie algebra g, then
for any subrepresentation W C V' there exists another subrepresentation W' C V' such that

V=waeWw (110)
After repeated applications of this result, we conclude that any representation of a semisimple Lie

algebra is a direct sum of irreducible representations, a phenomenon called complete reducibility.

The semisimplicity assumption is key, as we have already seen in an example where complete
reducibility fails. In fact, that example failed because the action was given in terms of matrices
which are not diagonalizable, which leads us into a discussion of Jordan decompositions. Let us
start with the following result, which we leave to you.

Proposition 13. A linear transformation f : V — V is called semisimple if for any subspace
W CV preserved by f there exists another subspace preserved by f such that
V=waow

If V is a finite-dimensional vector space over an algebraically closed field K, then f is semisimple
if and only if f is diagonalizable.

The well-known Jordan decomposition basically says that any linear transformation f on a finite-
dimensional vector space can be uniquely decomposed as

f:fss+fn (111)

where fqs is semisimple, f,, is nilpotent, and fssf,, = fnfss. Moreover, fgs and f, are polynomials
in f with zero constant term. We will soon show that the decomposition (111)) extends uniformly
from individual linear transformations to elements of semisimple Lie algebras, as follows.

Theorem 17. If g is a semisimple Lie algebra, then any x € g admits a unique decomposition

T = Tgs + Tp, (112)
such that [xss,xn] = 0, and xss (Tespectively x,) acts as a semisimple (respectively nilpotent)
operator in any representation of g. This is true in particular in the adjoint representation, so

(ady),s = ads,, and (ady), = ady, (113)

One calls (112)) the abstract Jordan decomposition.
Formula (113)) is very strong. For example, we claim that it implies that
[,y =0 < [zss,Yy] =[zn,y] =0 (114)

for any z,y € g. To see this, the fact that (ad,),, = ad,,, implies that the latter operator is
a polynomial in ad, with zero constant term. If [z,y] = 0, then the aforementioned polynomial
annihilates y, which implies that [zss,y] = 0 (hence also [z,,y] = 0).
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8.2

In the remainder of this Lecture, we will prove the big results that were simply stated above. For
technical reasons, we will start with the Cartan criteria of solvability and semisimplicity.

Proof. of Theorem : (a) Since a Lie algebra over K is solvable if and only if its extension over
the algebraic closure of K is solvable (the property of terminating with 0 is unchanged by field
extension), then we will assume the ground field is algebraically closed. In this case, the “only if”
statement is an easy case of Lie’s theorem [11] for the adjoint representation: indeed, the fact that
ad, is upper triangular for all 2z € g implies that ady, , is strictly upper triangular for all z,y € g.
Therefore, ([x,y], 2)y is the trace of a strictly upper triangular matrix, and thus equal to 0.

Lemma 3. If a Lie subalgebra a C gl,, has the property that
tr(zy) =0, Vz,ye€a (115)

then a s solvable.

Let us first deduce the “if” statement of Theorem [14la) from Lemma By Proposition it
suffices to show that g/3(g) is solvable. So by replacing g with g/3(g), we may assume that the
adjoint representation provides an injection

g — End(g)

Therefore, the Lie subalgebra a = [g, g| satisfies the hypotheses of Lemma [3| and is thus solvable.
Since g/a is abelian and thus solvable, then Proposition (10| implies that g is solvable.

To prove Lemma |3 it suffices to show that [z,y] is a nilpotent matrix for all x,y € a, because then
the first blue claim of Lecture m and Corollary would imply that [a, a] is nilpotent (hence solvable,
hence Proposition would imply that a is solvable). Thus, let us pick arbitrary z,y € a and
assume that the eigenvalues of [z,y] are Aq, ..., A, counted with multiplicities (we are still working
over the algebraic closure of the ground field). Our goal is to show that A\; = --- = X\, = 0, so
assume that at least one of the \;’s is non-zero. Then show that there exists a Q-linear functional

¢ :spang (A1,...,An) = Q
such that

S AN #0 (116)
=1

(if this ¢ seems strange to you, then just assume we are working over C and we replace ();) by \;
from now on). Because ( is linear, there exists an interpolation polynomial P(t) such that

P(Xi = Aj) = C(Xi) = C(A)) (117)
for all 4,5 € {1,...,n}. Let
A =lz,ylss =diag(Ai, ..., A\n) = adg = diag(hi — Aj)i<ij<n
and B = diag(¢(A1),...,C{(An)). Therefore, implies that

adp = diag(¢(Ai) — C(Aj))1<ij<n = P(ada)
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Moreover, as ads = ad[;,,, = (ad[Ly])ss, we conclude that ady4 is itself a polynomial in ad|, ;.
This implies that adp = Q(ad|, ) for some polynomial Q(t), and thus

adp(a) = Q(ad[w,y])(a) Ca

With this in mind, we have for all z,y € a
Z AiC(A;) = tr(AB) = tr([z,y]B) = tr(adp(x)y) =0
i=1

with the last equality being precisely the hypothesis (115). We have therefore contradicted (|116]).

(b) For the “only if” statement, let us consider the kernel i of the Killing form of a semisimple Lie
algebra g. By (105)), i is an ideal of g. Moreover, for any z,y,z € i

ad[ oad,

z,y]

calculated in g is a block matrix, with one of the diagonal blocks being given by the same compo-
sition but calculated in i, and the other diagonal block being 0. Thus, the fact that ([x,y],z)g =0
implies that ([z,y],2); = 0, for all x,y, z € i. Part (a) implies that i is solvable, and by the definition
of semisimplicity we conclude that i =0 (i.e. the Killing form is non-degenerate).

(13

Let us now prove the “if” statement, which relies on the following claim (which we leave to you,
using the fact the last non-zero term in the derived series of rad(g) would be an abelian ideal of g).

Lemma 4. A Lie algebra g is semisimple if and only if it has no non-zero abelian ideals.

Since any abelian ideal i of a Lie algebra g would lie in the kernel of the Killing form (because
ad, sends g to i and i to 0 for all x € i), then the non-degeneracy of the Killing form implies the
non-existence of abelian ideals other than 0. 0

8.3

Cartan’s criterion for semisimplicity has a number of interesting consequences. For one thing, a
real Lie algebra is semisimple if and only if its complexification is semisimple (note that this does
not hold for simple Lie algebras). More important is the following characterization of Lie algebras.

Lemma 5. A Lie algebra g is semisimple if and only if it is a direct sum of simple Lie algebras.

Proof. We already showed that simple Lie algebras are semisimple, and so their Killing forms are
non-degenerate by Theorem Since the Killing form of a direct sum of Lie algebras is the sum
of the Killing forms of its constituents, we conclude that any direct sum of simple algebras has
non-degenerate Killing form, hence is semisimple by Theorem

For the opposite direction, consider a semisimple Lie algebra g which is not simple. Therefore, if
has a proper ideal i C g. If we let j be the complement of i with respect to the Killing form, then
show that the non-degeneracy of the Killing form implies that

g=1dj

and the invariance of the Killing form implies that j is an ideal. Therefore, the decomposition
above is a direct sum of Lie algebras, in the sense of Definition Since i and j are semisimple Lie
algebras in turn, we can repeat this algorithm by induction on dim g.

O
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As a consequence of Lemma 5] we have that

[0.0] =g (118)

for any semisimple Lie algebra g, because the property above holds for simple Lie algebras (we saw
this in (102])) and it is preserved under direct sums. Therefore, we conclude the following.

Corollary 6. Any one-dimensional representation of a semisimple Lie algebra is 0.

8.4

We will now prove Theorem [16] on complete reducibility. The following notion is key.

Proposition 14. For any non-degenerate s.i.b.f. (-,-) on a Lie algebra g, its Casimir element is
defined as
C=> zoz Uy (119)
i

where {;},{z'} run over dual bases of g with respect to the s.i.b.f. Then C € Z(Ug).

By basic algebra, show that C does not depend on the choice of dual bases {z;}, {z'}. If (-, )4 is the
Killing form, then the corresponding Cj is usually called the Casimir element of g. The potential
abuse of terminology is mild for a simple Lie algebra, because Lemma [2] implies that any two
Casimir elements are proportional. Because any representation g ~ V is also a representation of
Ug, the Casimir element acts in V'; we have already encountered this operator for sls in Subsection
0.0l

Proof. of Proposition : Let us assume z; = z' is an orthonormal basis with respect to the given
symmetric invariant bilinear form, so C' =), x; ® x;. If we let

i, ;] = Z %ijk
k

5 (103),(109)
Vi = Yk

then we have 'ng =— .= _V;k- Therefore, we have for any k&

J

C®$k—$k®czz<[$i7$k]®$i+$i®[$iaxk]) ZZka(ij@xmei@xj) =0
7

.3

8.5

Because any Casimir element is central, Schur’s Lemma implies that it acts by a constant in any
irreducible representation. More specifically, for an irreducible representation g ~ V', the Casimir
element defined with respect to the symmetric invariant bilinear form acts by the constant
dim g
dim V'
(prove this under the assumption that the form (-,-)y is non-degenerate; if on the other hand this
form has a non-trivial kernel i C g, then we simply replace g by g/i in ) Even more generally,
it is a fact that any Casimir element of a semisimple Lie algebra acts by a non-zero scalar in any
irreducible finite-dimensional representation, but we will not need this. o

(120)
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Proof. of Theorem [16: Let us first consider the case when W C V has codimension 1. If W is
irreducible, then the discussion above shows that there is a Casimir element C' which acts by a
non-zero constant on W. By Corollary |§|7 the action of g on the one-dimensional quotient V/W is
0, so we conclude that C sends V to W. Thus, W/ = Ker C|y is non-empty, and because C|y is a
non-zero scalar, we conclude that W’ is one-dimensional and complementary to W. The fact that
W' is a subrepresentation follows from

C-(z-v)=z-(C-v) = z-WCW

for all € g, where the first equality is due to the fact that C is central. Having proved the
complete reducibility when W is irreducible (but still codimension 1 inside V'), let us now prove
the case of general W (but still codimension 1 inside V') by induction on dim V. If W is not
irreducible, then we may consider a maximal proper subrepresentation W C W (which exists due
to finite-dimensionality) and simply run the discussion above for the representation g ~ V/W and
its codimension 1 subrepresentation W/W. We obtain a subrepresentation W C W’ C V such that

VIW =W/W e W' /W

with W having codimension 1 inside W’. Repeating the argument above gives us a decomposition
W' =W @& W' for some one-dimensional subrepresentation W/ C W', and so V.= W @ W' is the
required decomposition in (110)).

Having proved the Theorem for any subrepresentation W of codimension 1 in V', let us consider an
arbitrary subrepresentation W C V and define

V= {f:V%W‘f‘WZSCaIar}
WZ{f2V->W‘f|W:0}
We may make V into a representation of g via (z - f)(v) = @ - f(v) — f(x - v), and it is clear that
z- V=W
forall z € g. As W has codimension 1 inside 17, the first part of this proof implies the existence of
fe 17\va, st.x-f=Xa)f, Vxeg

where ) : g — K is some linear functional. Then, f|y = «-Idy for some non-zero o, so W’ = Ker f
is a complementary subspace to W inside V. Moreover, W' is a subrepresentation because

fw)=0 = fle-v)=a-flv)=(z-f)v) =z flv) = Ax)f(v) =0

8.6

Let us now prove Theorem [17] on the abstract Jordan decomposition in semisimple Lie algebras.
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Proof. of Theorem[I7: We begin by claiming that for any semisimple subalgebra

g Cgl(V)

the semisimple and nilpotent parts of any element x € g (regarded as linear transformations V- — V|
see ((111])) also lie in g. We will prove this fact later, but let us apply it for the adjoint representation

g — End(g)

(which is faithful since semisimple Lie algebras have trivial center). Then for any = € g there exists
a decomposition
T = Tes + T, (121)

with x4, 2, € g such that (113)) holds. Let us now consider an arbitrary representation g ~ V' and
the associated Lie algebra homomorphism

¢
g — al(V)
We want to show that for any = € g, we have

H()ss = P(xss) and  d(x)n = ¢(Tn)

i.e. the abstract Jordan decomposition gives rise to the usual Jordan decomposition in V. By
replacing g with Im ¢ (which is also semisimple on account of it being a quotient of a semisimple Lie
algebra) we may regard g as a subalgebra of gl(V'). Then any x € g admits a Jordan decomposition
in the context of linear transformations V' — V

r =, + ), (122)

where the claim at the beginning of the proof establishes the fact that af,, 2/ € g. You have

already shown last week that if y € gl(V) is nilpotent, then ad, is nilpotent; it is also true that if
y € gl(V) is semisimple, then ad, is semisimple (one of the exercises on this week’s exercise sheet
will essentially prove this over an algebraically closed field). Therefore,

ad, = ady + ady, (123)

is a Jordan decomposition in End(gl(V')). Since the semisimple and nilpotent parts of any operator
are polynomials in said operator, then ad,, and ad,, send g to g. It is easy to see that a diagonal
block of a semisimple/nilpotent linear transformation is also semisimple/nilpotent, and so the
restriction of to g is also a Jordan decomposition. By uniqueness of the latter, we conclude
that ad,, = ad.,, and ad,, = ad,, as linear transformations of g. Therefore, the faithfulness of
the adjoint representation of a semisimple Lie algebra implies that the decompositions and
coincide, i.e. the abstract Jordan decomposition agrees with the Jordan decomposition in V.

To prove the claim at the beginning of this proof, consider the following Lie subalgebras of gl(V)

e a={f:v-vlifaca}

. bW:{f:V—>V’f(W)QWandtr(f|W):O}
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for any g-invariant subspace W C V. It is almost obvious to see that

gCg=a [j b

g-invariant WCV

(the fact that any z € g acts on any g-invariant subspace W C V by a traceless matrix is due to
the fact that g = [g, g] for a semisimple Lie algebra g). Consider the Jordan decomposition ([111))

T = Tgs + Tp
of any x € g, where x4, x, : V — V. Because x4 and x,, are polynomial expressions in x, we have
Tss, Tn € by

for any g-invariant W C V (a little thought is needed to see that x4 and x,, are traceless on W).
Moreover, as we showed in the previous paragraph, ad, = ad,,, + ad;, is a Jordan decomposition
in End(gl(V')). Therefore, ad,,, and ad,, are polynomial expressions in ad,, which implies that

Tss, Ty € 0
Putting the above two displays together implies that
TosyTn €0 (124)
By the complete reducibility Theorem the adjoint representation of g on g’ decomposes as
g=g0S5

for some S C gl(V'). Because g is tautologically an ideal of a, we conclude that g is an ideal of g,
and so [g,S] = 0. If we decompose V' as a direct sum of irreducible representations of g

V=Viae oV

then any f € S is on one hand a g-intertwiner, while on the other hand f preserves each V; and
acts tracelessly on it. By Schur’s lemma, the only option is that any f € S is actually 0 and so
g’ = g. Then (124) implies the claim at the beginning of this proof. O

8.7

Bonus material (will not feature on the exam): the Jordan decomposition in the adjoint represen-
tation (113]) can also be constructed as follows.

Definition 23. A derivation of a Lie algebra g is a linear transformation

C:g—9

which satisfies the following version of the Leibniz rule

[y, 2]) = [C(y), 2] + [y, ¢ (2)]

forally,z € g.
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For any = € g, the Jacobi identity implies that

§o(y) = [z, 9] (125)

is a derivation. Such derivations are called inner, and any other derivation is called outer.

Lemma 6. A semisimple Lie algebra only has inner derivations.

Proof. The set Der(g) of derivations of g is itself a Lie algebra, with respect to the Lie bracket

€, {N(y) = < () = ('(C(y)
and it is easy to see that the function
g — Der(g), z~¢& (126)

is a Lie algebra homomorphism. Because a semisimple Lie algebra g has trivial center, the function
above is injective. The fact that

[$a, ¢l = &), V¢ € Der(g),z € g (127)

implies that the injection (126)) identifies g with an ideal of Der(g). Moreover, this injection identifies
the Killing form on g with the one on Der(g). The non-degeneracy of the Killing form on g means
that we have a direct sum decomposition

Der(g) =g @i

(as in the proof of Lemma [5]), where i is an ideal of Der(g). Because [g,i] = 0 as g and i are
complementary ideals in Der(g), for any ¢ € i we have by (127))

fc(x):O,Vazeg = C(a:)zO,Vxeg

This shows that i = 0, and so every derivation is inner.
O

Let us now consider a Lie algebra g over an algebraically closed ground field K, and establish (113)).
For any = € g, take the generalized eigenspace decomposition of the operator ad, : g — g

s=Py,

yeK

where

gy = {y 69‘(adx — 7 -1dy)" (y) = 0 for N>>0}

Define (ad,)ss as the operator which acts on g, as multiplication by 7. We claim that

C:g—9, C((y)=(ads)ss(y) (128)

is a derivation. To see this, take any y € g, and z € gs, and note that

(ade — (v +9) - 1dg) ([y, 2]) = [(adz — v - Idg)(y), 2] + [y, (ade — 6 - 1dg)(2)] =
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= (ads— (7 +0)- 1)V (.2 = Y [(ads — v - Td) N (y), (ad, — 6 - Tdg)2(2)] = 0
Ni1+No=N

if N is large enough. Thus, we conclude that [y, 2] € g5, which immediately implies that (128]) is
a derivation. By Lemma [0} ( = &,,, for some x4 € g and thus

(ady)ss = ady,, (129)
If we let x,, = x — x5, we conclude that
(ady), = ad,,, (130)
The fact that x5 and z,, commute follows from the fact that
0 = [(ady)ss, (ads)n] = [ads,,,ads,] = ady,, »,) = 0= [Tss, Tn)

The last implication is due to the fact that semisimple representations have zero kernel, and thus
their adjoint representations are faithful.
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Lecture 9

9.1

Having developed foundational results on semisimple Lie algebras, we will now describe them
explicitly. Throughout the present section, we assume that the ground field is C.

Definition 24. Let g be a semisimple Lie algebra. A Lie subalgebra ) C g is called toral if it is
abelian and consists of semisimple elements.

The standard example of a toral subalgebra is any subspace of the set of diagonal matrices inside
sl,. Of course, one can replace the set of diagonal matrices by any conjugate thereof, which would
lead to many more toral subalgebras. Since it is abelian, any toral subalgebra is isomorphic to C®"
for some n. The space of C-linear functions

f)*:{)\:f)—>C}

has the same dimension as . Throughout the present lecture, (-,-) : g x g — C denotes an arbitrary
symmetric invariant bilinear form, which is non-degenerate (for example the Killing form).

Proposition 15. For any semisimple Lie algebra g over C, and any toral subalgebra h C g, we

g=Ep ax (131)

Ach*

have a decomposition

where

oy = {x c g([h,x} — Ah)z, Vh e h} (132)

Then we have
(00, 85] € Gt s (133)
for all a, B € h*, and the non-degenerate form (-,-) has the property that

T TR (134)

is non-degenerate if a + 8 =0 and is 0 if o« + B # 0.

Proof. The subspaces (131)) are the joint eigenspaces of the commuting operators {ad;},cp on g
(these operators are all semisimple by assumption, hence simultaneously diagonalizable since we
are working over C). Property ([133)) is an immediate consequence of the Jacobi identity

(7, [, 9] = [, [y yl] + [[h, 2], 9]

(show that the Jacobi identity is equivalent to the above formula) so if € go = [h,2] = a(h)z
and y € gg = [h,y] = B(h)y, then [h, [z,y]] = (a(h) + B(h))[x,y] = [2,y] € garp. As far as the
restricted pairing ((134]) is concerned, the invariance implies that

a(h)(z,y) = ([h,z],y) = = (2, [h,y]) = =B(h)(, y)

for any « € go,y € gg. This shows that (z,y) # 0 only if a4/ = 0. The fact that the case a+ =0
of the restricted pairing is non-degenerate then follows from the overall non-degeneracy of
the pairing (-, -).

O
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9.2

In particular, Theorem [13| applied to the non-degenerate pairing (134)) for « = 5 = 0 implies that
go is reductive. Since b is abelian, we have gg D . The following Definition pertains to the opposite
inclusion.

Definition 25. A toral subalgebra b of a complex semisimple Lie algebra g is called a Cartan
subalgebra if
[z, Ch = weh (135)

Note that implies that gg = . The standard example of a Cartan subalgebra of sl,, is the set
of all diagonal traceless matrices, or any conjugate thereof. From this example, we see that what
distinguishes Cartan subalgebras among toral subalgebras is the fact that they are maximal (i.e.
the subspace of all diagonal matrices versus some subspace of diagonal matrices). In fact, this is a
completely general phenomenon, as we will now see.

Proposition 16. For a complex semisimple Lie algebra g, a Cartan subalgebra is the same thing
as a mazximal toral subalgebra.

Proof. The fact that a Cartan subagebra is maximal easily follows from ([135), since toral subalge-
bras are by their very nature abelian. For the converse, let us consider a maximal toral subalgebra
h and prove that

go="nh (136)

Once we do so, it will follow that § is a Cartan subalgebra, as it satisfies the defining property
(135) (because of (133]), if a certain x has a non-zero component in some g, with a # 0, then
[x,90] € g0). Consider any x € gy and its Jordan decomposition

T = Tgg + Tp

For any y € b, we have [z,y] = 0 by definition, hence [zss,y] = [xn,y] = 0 by (114). Therefore, we
have xgs,zy € go. If 255 ¢ b, then h & Cxgs would be a toral subalgebra, which would contradict
the maximality of . Therefore, we conclude that zss € h = x € x,, + b, and so

ad,

= adg,

go do

is a nilpotent operator on go. By Corollary 4l we conclude that gg is a nilpotent Lie algebra.

Let us first assume that [go, go] # 0. Using Theorem show that nilpotent Lie algebras have the
property that their center intersects any non-zero ideal non-trivially. Therefore, there would exist

0 # z € 3(g0) N [g0, 90]

Since the Killing form is a s.i.b.f., the fact that z € [go, go] implies that

(ya Z)g = 07 Vy € h
On the other hand, since any = € gp\b is nilpotent and comutes with z € 3(gg), then we have

(x,2)g = trg(adzad,) =0 (137)
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This implies that (go, 2)g = 0, which contradicts the non-degeneracy of the restricted pairing .
We therefore conclude that [go, go] = 0, i.e. go is abelian. However, we have already seen that any
x € go\bh would have to be nilpotent, so would hold for all z € go. By the non-degeneracy of
the restricted pairing , we conclude that x = 0, hence go = b.

O

As a consequence of Proposition Cartan subalgebras of complex semisimple Lie algebras g exist:
just start from the toral subalgebra 0 and enlarge it as much as possible. All Cartan subalgebras
of g have the same dimension, which is called the rank of g.

9.3

In light of the discussion in the previous Subsection, it makes sense to consider the decomposition
(131)) for a maximal toral subalgebra, because then the decomposition would be as fine as possible.
Thus, we henceforth let h be a Cartan subalgebra, and write the decomposition as

g=bP e (138)

aER

where R simply denotes the set of non-zero linear functionals a : h — C that have the property
that g, # 0 (and we use the fact that go = b). Since g is a finite-dimensional Lie algebra, the set R
is finite. It is called the root system of g, and its elements are called roots. Because the pairing
is non-degenerate when o + 3 = 0, we have

a€ER & —a€R (139)
The g,’s that appear in ([138)) are called the root spaces corresponding the roots c.

Example 5. Let g = sl, and let b be the subalgebra of traceless diagonal matrices (with respect to
a certain basis). Thus, elements of b will be given by

x=(x1,...,2y) withx;+- - +z,=0
We will consider the basis ey, ..., ey of b* given by
ei(x) =z
With this in mind, the roots are {e; — e;}1<itj<n, with
(5ln)e;—e; = CEyj

Check the previous claim: all it really says is that if x is the diagonal matriz with entries (x1, ..., zy),
then we have [z, Eij] = (z; — x;)E;;. We conclude that the root decomposition is

5[71 = f) @ (CEZ]

1<i#j<n
A number of properties one can observe from Example[5|are quite general, for example the following.
Proposition 17. The set of roots spans b*.
Proof. If the set of roots failed to span h*, then there would be a non-zero element x € h such that
a(x) =0 for all @« € R. This implies that [z,g,] = 0 for all « € R. Adding to this the fact that z

commutes with b implies that = € 3(g). Since semisimple algebras have trivial center, then x = 0.
O
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9.4

Another property that one can observe from Example [5] is that all the root spaces are one-
dimensional. To prove that this is in fact a general phenomenon, recall the non-degenerate s.i.b.f.
(-,+) : g x g — C. Its restriction to b is also non-degenerate, and so it provides an isomorphism

h=bh” (140)

We will write h,, € b for the element corresponding to any root o under the above isomorphism.
Moreover, we may define the non-degenerate pairing.

()" xph"=C
via the isomorphism ((140)).

Lemma 7. For any root o and any ey € ga, fa € 9—a, we have

lea fa] = (ea; fa)ha (141)

Proof. For any h € b, we have

([eavfa]ah) = ([hvea]vfa) = a(h)(ea,fa)

By the non-degeneracy of (-, -) restricted to b, this implies (141]).

O
Proposition 18. For any root o, we have (a, &) # 0, so we may define
2hq,
H, = 142
() 2
If B, € go and F, € g_q are chosen so that
2
By, Fy) = ——
( (6%) a) (a’ a)
then we have the commutation relations
[HouEa] = 2EOM [HCHFCM] = _2Fa7 [EOMFO(] = Ha (143)

In other words, Eq, Fy, Hy provide a Lie algebra homomorphism
5[2 — g

so they are called a sly-triple.
The reason for the normalization ((142)) is that such a H, is independent of the choice of s.i.b.f.

We will soon see that the slo-triple corresponding to a root « is unique, up to rescaling E,, F, by
opposite constants.
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Proof. of Proposition Let us assume for the purpose of contradiction that («,«) = 0, which
would mean that a(hy) = 0. We may choose e, € g, and f, € g_, such that (eq, fo) =1 (by the
non-degeneracy of the s.i.b.f.) and so Lemma |7| would imply that the subalgebra a C g generated
by ea, fa, ho satisfies the Lie bracket relations

[ha,ea] = [homfa] =0, [eoufa] = hqa

This subalgebra is solvable (due to the abelian ideal Ch,) and so Lie’s Theorem [11| implies that
there is a basis of g in which ad., and ady, are upper triangular. Being the commutator of
upper triangular matrices, ady, would be strictly upper triangular. However, because b is a toral
subalgebra, adp, is also semisimple. Therefore, we conclude that ad,, = 0, which implies that
ha € 3(g), which is impossible because semisimple Lie algebras have no center. Having showed that
(a, ) # 0, properties are straightforward computations, which we leave to you.

O
9.5
slp-triples give a powerful tool for the study of semisimple Lie algebras.
Proposition 19. For any root o, the subspaces g+ are one-dimensional.
Proof. Consider any root «, fix a corresponding sla-triple Fy, Fy,, H, and let
Vo=CHo P gta (144)

LeZ\0

By , the operators adg,, adp,, ady, provide a representation sly ~ V,. The weights of
this representation, i.e. the eigenvalues of ady_, are equal to the numbers 2¢ in (144). Thus, V,
is a representation of sl with all even weights and a one-dimensional 0 weight subspace, so
implies that V, must be irreducible. In particular, this implies that all the root subspaces g, are
one-dimensional, since they are weight spaces for the aforementioned sls action. O

Proposition 20. For any two roots o and (3, the number

2(ev, B)

(o, @)

CaB =

is an integer, and 3 — cogar is also a root.

Proof. The numbers in question are equal to the weights of the adjoint action of an sly-triple
E,, Fy, H, on gg. Since any finite-dimensional representation of sly has integer weights, we conclude
that cog € Z. As we have seen in Lecture [5], in any finite-dimensional representation of slo, the
operators E™ and F"™ provide isomorphisms between the subspaces of weight n and —n. In the
case at hand, if 0 # = € gg and co3 < 0 (respectively coz > 0), then adgzaﬁ (x) # 0 (respectively
ad;‘f (z) # 0). Since the latter elements lie in gg_c,,;a, We conclude that 8 —cqga is also a root. [
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Proposition 21. The only multiples of a root o which are also roots are a and —a.

Proof. The fact that we have a non-degenerate pairing between g, and g_, implies that —a is a
root whenever « is a root. On the other hand, if ot were also a root for some ¢ € C\{£1}, then
Proposition 20] would imply that 2¢ € Z. However, switching the roles of « and at would also
imply that 2¢~! € Z, which only leaves the possibility that ¢ € {:l:%, +2}. Let us assume without
loss of generality that ¢ = 4+2. Then as we saw in Proposition V, must be an irreducible
representation with respect to the sl triple Ey, F,, H,. This would imply that gor, C adp, (ga),
which is impossible since we already showed that g, is the one-dimensional space CFE,,. O
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Lecture 10

10.1

Propositions can be unified in the following abstract definition of a root system
(which we will shortly see provides a model for all complex semisimple Lie algebras).

Definition 26. An abstract root system is a R-vector space U endowed with an inner product
('7')

UxU—> (145)
together with a finite set R C U\O such that
R spans U (146)
if k —-1,1
if & € R then ka € h l_f €{-L1} (147)
¢ R ifkeR\{-1,1}
2
if a, B € R then cqp := (Sj’f)) €z (148)
if o, f € R then so(B) = B —capa € R (149)

The rank of a root system is defined to be the dimension of U.

10.2

Axioms ((148]) and ((149)) might seem contrived at first, but they have a geometric meaning in terms
of reflections. The former of these axioms is a statement about the angle between the vectors «
and 8. Meanwhile, the latter axiom concerns the function

2(a, A

Sq U=, Sa(A) = A — ((a,oz))a (150)

which is none other than the reflection across the hyperplane a’ perpendicular to a: thus (149)
merely says that the root system is preserved by such reflections.

Definition 27. The (abstract) Weyl group is the subgroup of GL(U) (actually of the orthogonal
group, because reflections preserve the inner product (145))) generated by the reflections {sq }acR-

Note that the Weyl group is always finite, because any element of GL(U) which fixes every root
must be the identity due to (146|). The reason for the word “abstract” in Definition is to
differentiate it from the Weyl group of a complex semisimple Lie algebra g, which is defined as

W = Ng(H)/H (151)

where G is the simply connected complex Lie group with Lie algebra g (see Theorem E[), and H is
a closed Lie subgroup with Lie algebra given by a Cartan subalgebra of G (see Theorem |7} such
a subgroup H is called a maximal torus). As you can expect, W in is isomorphic to the
abstract Weyl group corresponding to the root system of g, though we will not prove it.

Example 6. For the root system of sl,, we have that
Sei—ej (oo Tiy ooy Thyev oy Ty ) = (o Ty oo Ty e e Ty )

The corresponding Weyl group is easily seen to be the symmetric group Sy,.
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10.3

It turns out that the axioms of a root system are very restrictive: in rank 1, this is probably not
so surprising, since the only root system in R is the root system associated to the Lie algebra slo:
this root system is called “type A;”, where the subscript denotes the rank.

Things are a bit more interesting in rank 2, i.e. U = R2. In this case, the angle # between two

non-collinear roots «, € R is given by the following formula (we let |a| = \/(a, )
(a,8) _cap la| _ cga |B] 2 _ CaBCBa
cosf = =— —=—-— = (cosl)"=—
lafls] 2 Bl 2 o 4

Therefore, we must have 0 < cogcgq < 4. As axiom (|148) requires that c,g and cg, be integers, we
only have the following options (we assume without loss of generality that |a| < |5], so |cag| > |cgal):

® co3 = 0% cgq = 0, which implies 6 = g
® Cop = Cgq = 1, which implies [a| = |#| and 6 = %
® Cop = C3o = —1, which implies |a| = |3| and 0 = 2?“
e cop =2 and cg, = 1, which implies |a|v2 = |8] and 6 = T
e co3 = —2 and cg, = —1, which implies ]a]\/i = |B| and 0 = %’r
® Cop =3 and cg, = 1, which implies |a|v3 = 8] and 6 = %
e co3 = —3 and cgq = —1, which implies la|v/3 = |B] and 0 = %r
With this in mind, the following are easily seen to be root systems, because the angle between any

two roots is admissible by the discussion above (the notation A; x A, Ag, By = Cy and G2 will be
explained in Theorem .

\/
/\

A

Al Az By = Cs Go

What is more interesting is that the above are all the rank 2 root systems, up to linear transfor-
mations. Indeed, consider any rank 2 root system R and look at the most obtuse angle between
two non-collinear roots: if this angle is 7, %’T, %’T, %’T, the root system is A; x Ay, As, By = Cs,
G4, respectively (prove this yourselves; the idea is that once you draw two vectors with the most
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obtuse angle between them, the fact that R is preserved under the reflections means that R
must contain a copy R’ of the root system of type A x A1, As, By = Co, Go, respectively; but if
R contained any other root «, you could find some root 3 € R’ which would violate the angle and
length conditions in the bullets above).

10.4

What about root systems of arbitrary rank? The bulleted list in the previous Subsection actually
pertains to any pair of non-collinear elements of any root system, and thus controls the angle
between any pair of roots. For instance, we ask you to prove the following Lemma by examining
all the rank 2 systems above.

Lemma 8. If a # € R have the property that («, ) > 0, then a — € R.
Let us now consider arbitrary root systems R, and develop some further tools to classify them.

Definition 28. Any hyperplane in U that does not intersect R determines a decomposition
R=R"UR" (152)

into positive and negative roots, depending on which side of U they lie. Clearly, R~ = —R*. A
simple root is a positive root which cannot be written as a sum of two or more positive Toots.

For the root system associated to sl,,, the usual choice is to let
R+:{ei—ej‘1§i<j§n}
R_:{ei—ej‘1§j<i§n}

The simple roots are then o; = e; — e;41, with i € {1,...,n — 1}.

Proposition 22. (a) Every positive root can be written uniquely as a sum of simple roots.

(b) The simple roots determine a basis of U (so there are as many of them as the rank of R).

Proof. (a) We may successively decompose any positive root « into sums of positive roots. This
process must terminate after finitely many steps (since there are finitely many positive roots, and
all of them are at least a fixed distance away from the hyperplane separating R from R™) and
when it terminates, we will have written « as a sum of simple roots.

(b) By the previous part and axiom ({146}, the simple roots span U. To prove that they are linearly
independent, note that
a # B simple = («,8) <0 (153)

(indeed, otherwise Lemma [8| would imply that either o — 8 or 8 — « is a positive root, which would
contradict the simplicity of « and ). However, it is a classic and easy exercise to show that any
set of vectors which have all non-acute angles between them must be linearly independent. O
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10.5

The following result, which will occupy the remainder of this lecture, shows that a set of simple
roots determines the entire R. In what follows, we fix a set of simple roots aq,...,a, of R.

Theorem 18. The Weyl group W is generated by the simple reflections

{Si B Sai}ie{l,...,r} (154)

and any root can be obtained by some element of W acting on some simple root «;.

The theorem above says that a Weyl group is a particular case of a so-called Coxeter group. The
first step in proving Theorem [1§]is to systematize the freedom we had in choosing the decomposition
(1152]).

Definition 29. Consider the hyperplanes a’ perpendicular to the the roots o € R. A connected

component C of
U\ U at
aER

is called a Weyl chamber. The boundary hyperplanes of a chamber are often called its walls.

By definition, a Weyl chamber is the set of all x € U such that (z,«) has a given sign for all roots
a € R. As the decomposition partitions the roots into two sets, depending on whether their
pairing with a given x € U is positive or negative, we conclude that the decomposition itself only
depends on the Weyl chamber of z. In other words, a choice of positive/negative roots is equivalent
to a choice of positive/negative Weyl chamber C* (namely the chamber consisting of x’s whose
inner product with the positive/negative roots is > 0).

Recall that the linear transformations s, of (150) are by definition given by reflecting in the
hyperplanes a. Since (149) says that the W action takes any root /3 to a root ', it follows that
W takes the hyperplane 8+ to /3’ L and thus W takes Weyl chambers to Weyl chambers.

Proposition 23. The Weyl group action on the Weyl chambers is transitive.

Proof. Tt is a common feature of hyperplane arrangements that any two chambers C and C’ can be
connected by a sequence of Weyl chambers

C=0Co,Ci,...,Ch1,C=C'
such that C; and C; 41 are adjacent, i.e. separated by a single hyperplane a-. That means that the

reflection s, takes C; to C;11, which implies that some element of the Weyl group takes C to C’. [J

Corollary 7. For any two sets of positive roots R= RTUR™ = R'* LIR'™, there exists an element
of the Weyl group taking RT to R*.
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Proof. Let C and C' be the positive Weyl chambers with respect to RT and R'", respectively.
Proposition [23| says that there exists an element w of the Weyl group which sends C to C’. Since
elements of the Weyl group act by orthogonal matrices, they preserve the scalar product, so a
positive root with respect to C will be sent to a positive root with respect to C’ (check this fact).
Since the number of positive roots is always @, this proves that w(RT) = R'T. O

It is also easy to see that a Weyl group element taking R™ to R’ * must also take the simple roots
inside R* to the simple roots inside R'™.

10.6

Let us now fix a decomposition (152)). By definition, the positive Weyl chamber C* is defined by
the property (z,a) > 0 for all « € R*. By Proposition this is equivalent to

(x, ) >0
where aq,...,q, are the simple roots inside R™. This implies that the walls of the chamber C*
are actually ai, ..., a;, since it is impossible to encounter any other wall a* (i.e. have (z,a) = 0)
without first encountering one of the walls af, ..., a; (i.e. have (z,;) = 0 for some i € {1,...,7}).
Proposition 24. For any chamber C, there exist simple reflections iy, ..., i such that
C = Siy - - Siy (C+) (155)

Proof. By Proposition there exists a sequence of Weyl chambers
C+ = CO7CIa s 7Ckflack =C

such that C,_q is separated from C; by a single hyperplane. We will prove that each C; can be
written in the form (155]) by induction on ¢. So assume that we have

Cg_l = Sj; ---Siy_y (C+) (156)

and Cy is separated from C,_; by the hyperplane at. This hyperplane must be of the form

Siy - sil_l(afz) for some iy € I, because the walls of CT are the af-’s. We conclude that
1 1
« :3i1-~5ie_1(aig) & a=s;...5, (q,)

The obvious formula

Sw(a) = wsqw ! (157)

Vw € W, o € R, then allows us to deduce the required identity Cp = s;, ... s;,(CT) from (156). O

Proof. of Theorem : Any root a € R is simple with respect to some decomposition R = R’ "UR'~
(just choose the hyperplane separating R’ *and R~ very close to «). Proposition [24| implies that
there exists a product of simple reflections

W =S4y ...84,

which takes the fixed decomposition R* to our R’i, and as such takes some simple root «; to a:
w(a;) = a. By formula (157)), s, is therefore a product of simple reflections. Since the s,’s generate
W, we conclude that W is generated by simple reflections.

O
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Lecture 11

11.1

In the previous lecture, we showed that one can reconstruct a root system from a set of simple roots
{ai1,...,a,}. In turn, we will soon see that such a set of simple roots is completely determined (up
to an angle-preserving linear transformation of U) by the following notion that encodes the lengths
of simple roots and the angles between them.

Definition 30. A Cartan matrix of rank r is a square matriz with integer entries
C = (ciji<ij<r (158)

such that

o ci; =2 and c;; <0 foralli#j.
L] Cij=0<=>6ji=0.

e C = DS, where D is a diagonal matriz with positive entries on the diagonal and S is a
positive-definite symmetric matrix.

We can associate a Cartan matrix to any root system R, by letting ¢;; = cq,q, for some set of

simple roots aq,...,a,. One chooses the matrices D and S to have entries (afai) and (o, a;),
respectively, with the notation in Definition Then the positive-definiteness of S is equivalent to
the fact that aq,...,a, are a basis of E. For instance, the Cartan matrix of sl,, is
2 -1 0 0 0 O
-1 2 -1 0 0 O
0o -1 2 0 0 O
(159)
0o 0 0 2 -1 0
0o 0 0 -1 2 -1
0o 0 0 0o -1 2

Note that positive-definiteness implies that in a Cartan matrix we have the equation
0< CijCji < 4

just like we saw in Subsection [10.3] We typically refer to the Cartan matrix of a root system because
changing the choice of simple roots merely has the effect of permuting the rows and columns of C.

Proposition 25. Up to an angle-preserving linear transformation of U, a root system R is com-
pletely determined by its Cartan matrix.
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Proof. The key insight is that given a Cartan matrix C', the decomposition
C=DS

is unique up to rescaling D and S by inverse amounts (this is because multiplying D on the right by
a non-scalar diagonal matrix D’ would have to be counterbalanced by multiplying S on the left by
D’ 71, but this would spoil the symmetry of S). Therefore, once the Cartan matrix of a root system
is given, the inner products (a;, «;) are all determined up to constant multiple. It is easy to show
that this determines the simple roots aj1,...,a, up to an angle-preserving linear transformation.
But once a collection of simple roots is fixed, Theorem implies that any root can be obtained
from them by successively applying reflections s; = sq,. O

11.2

Beside Cartan matrices, which provide a numerical characterization of simple roots in a root system,
we also have the following graphical realization of the same information.

Definition 31. The Dynkin diagram associated to a root system R is the graph with vertex set
{1,...,7r}, and
e ( edges between i and j if the angle between c; and o is §

e 1 edge between i and j if the angle between o; and o is 2{

e 2 edges between i and j if the angle between «; and o is %T’T

e 3 edges between i and j if the angle between «; and o is %’T

(by the discussion in Subsections [10.3 and the above are the only possibilities for angles
between simple roots). If there are multiple edges between two vertices, we draw an arrow from the
one corresponding to a longer root to the one corresponding to a shorter root.

It is easy to see that there is a one-to-one correspondence

(Cartan matrices) > (Dynkin diagrams) (160)
wherein the set of rows/columns of a Cartan matrix is identified with the vertex set {1,...,r}
of a Dynkin diagram. For any two vertices i # j € {1,...,r}, the number of edges between i

and j in the Dynkin diagram are perfectly encoded in the non-positive integer entries c;; and cj;
of the Cartan matrix, as explained in the bulleted list of Subsection More explicitly, since
filling out a Cartan matrix and drawing a Dynkin diagram are rank 2 tasks (i.e. ones which you
perform by considering any principal 2 x 2 submatrix and any 2-vertex subgraph at a time) then
the correspondence ({160)) is completely determined by the assignment

2 0

<0 2) — A1 X Al
2 -1

(_1 9 ) < A2

-1 TN By =C!

_9 2 2 — L2
2 -1

( 9 ) < GQ

-3
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(see below for the notation Ay, By, Cp, Dy, E¢ 78, F4, G2 of Dynkin diagrams).

Definition 32. Given root systems R C U and R' C U’, their direct sum is the root system
(R,O)U(0,R)CE®FE

A root system which is not isomorphic to a non-trivial direct sum is called irreducible.

Proposition 26. In an irreducible root system R, either all roots have the same length (in which
case R is called stimply laced) or there are only two possible values for the root lengths (in which
case they are called short and long roots, the latter being /2 or \/3 times longer than the fomer).

Proof. In an irreducible root system, the action W ~ U is irreducible (hence the terminology),
because the orthogonal complement of any W-invariant subspace with respect to the inner product
(145]) would also be W-invariant. As a consequence, the W-orbit of any root « spans U, so for any
other root 3 there must exist w € W such that (w(a),8) # 0. The bulleted list in Subsection [10.3]
then implies that the length of 8 and the length of o (which is equal to the length of w(«) for any
w € W) must differ by a ratio of 1, V/2,4/3. Thus, if the roots could have three or more lengths,
we could always find a pair of them which differ by a ratio other than 1,v/2, /3, thus contradicting
the previous sentence. ]

11.3

It is easy to see that a Cartan matrix (respectively Dynkin diagram) corresponds to an irreducible
root system if and only if it is not block diagonal (respectively connected). Therefore, the task is
to classify irreducible Dynkin diagrams.

Theorem 19. Any irreducible Dynkin diagram is one of the following list

0
A, 0—o0-------- o0—o0—>0 Eg o—o o0—o0

o
B,o—o-------- O—0—==0 FE; o—o0o—0—0—0—o0

o
C,0—0-------- O0—0=&0 Eg o O O O—0 o0—o0

D, 0—0-------- O<Z Fy o—o==0——o0 Gy o==0

where the index denotes the number of vertices in the diagram.

62



Proof. The fact that the pictures above represent Dynkin diagrams comes from the fact that the
corresponding Cartan matrices C' = DS have positive determinant

det A, =n+1
det B, =2

det C), = 2

det D, =4

det Fg 78 = 3,2,1
det Fy =1

detGo =1

and that the top left corners of the corresponding S matrices also have positive determinant (since
they are also Cartan matrices of the Dynkin diagrams listed above). By Sylvester’s criterion, these
matrices S are positive definite. On the other hand, the following pictures are not Dynkin diagrams,
as the corresponding matrices S have determinant 0

o
C
O

EGO

o)
3
Oo——O

E; e—o0—o0 O0—O0—o0
C), &e=0——0---0—0=0 T
ES O O 9 A9 O 19 O L J

i N
F, «e—o0—o—0—o0 Gy &e—0==0

These are called extended Dynkin diagrams, and they reflect the representation theory of affine
Lie algebras (these are infinite-dimensional Lie algebras obtained from g[t*!] where g is a complex
semisimple Lie algebra, that we will not study in the present course). But the relevance of the
pictures above to us is that no Dynkin diagram can contain an extended Dynkin diagram as a
subdiagram, or else its symmetrized Cartan matrix S would have a principal minor of determinant
0 (and thus fail to be positive definite). Thus, we have the following observations:

e A Dynkin diagram cannot contain a cycle: indeed, if we had a cycle 1,19, ..., i, ig+1 = 91 with
k > 3, then we would be able to contradict the positive-definiteness of S = (d;;)1<i, j<r as follows

k
Z(disis + 2di.9i5+1) S O

s=1

5The convention for Zl is that its Cartan matrix is (_22 _22>
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whch holds because C' = DS implies that ¢;; = Zd—: foralli # j € {1,...,r}, and we have

1

+
—Cij G

dii + djj < —4d¢j <~ <2
for all negative integers c;j, ¢j;.

e If a Dynkin diagram contains a triple edge, then it is just G (otherwise it would contain a copy
of the extended Dynkin diagram Gsg, or one whose matrix S is negative-definite)

e if a Dynkin diagram contains a double edge, then it is just B,, Cy or Fjy, because otherwise it
would contain a copy of A1, B,, C, or Fj.

e if a Dynkin diagram has only single edges and no cycles, then it is either one of A, Dy, E¢ 73,
or else it would contain a copy of D,, or Eg 7 3.

O
114
We summarize the discussion above by claiming the existence of one-to-one correspondences
{semisimple complex Lie algebras} {root systems} (161)
and
) T60) o
{root systems} > {Cartan matrices Dynkin dlagrams} (162)

with the arrows — in the above equations being provided in Lectures [0] and respectively. The
backwards arrows will be provided by the construction in Lecture Moreover, the one-to-one
correspondences ((160)), (161)), (162]) match the following particular types of objects

e simple complex Lie algebras,
e irreducible root systems,

e non-block diagonal Cartan matrices / connected Dynkin diagrams.

Indeed, we have already seen that A,, is the Dynkin diagram of the Lie algebra sl,, 1. We also have

B,, is the Dynkin diagram of 09,41
Cy, is the Dynkin diagram of sp,,
D,, is the Dynkin diagram of 0g,, for n > 1

As for the simple Lie algebras that correspond to types F, F, G, we will construct them abstractly
in the next lecture. If we take a semisimple Lie algebra g = g1 & --- @ g, the Dynkin diagram
associated to g will be the disconnected union of the Dynkin diagrams associated to g1, ..., gg.
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Lecture 12

12.1
In the previous lectures, we showed how to perform the following operations
semisimple Lie algebras ~» root systems ~» Cartan matrices <> Dynkin diagrams

We will now show how to reconstruct a semisimple Lie algebra from the Cartan matrix / Dynkin
diagram of the corresponding root system. Before we do so, we must be able to define Lie algebras
by generators and relations. The following discussion is completely analogous to that of groups,
that you encountered in Math 211. Let K be any field of characteristic 0.

Definition 33. Let S be any set called an alphabet. The free associative algebra on S is
Ag = @ Ksy...sg

$1...8 word in S

with the operation given by concatenation of words. We can think of As as a Lie algebra with
respect to commutator, and we define the free Lie algebra on S

(163)

as the Lie subalgebra of Ag generated by all one-letter words.

If you like universal properties, the free Lie algebra is determined up to isomorphism by the fact
that for any Lie algebra g, a choice of elements {zs; € g}scs extends uniquely to a Lie algebra
homomorphism fg — g. But perhaps more explicitly, you should think of fg as consisting of all
K-linear combination of symbols

[ [[s1,52], 53], [s4,85] ... ] (164)

(for any s1, s2,- -+ € S and any distribution of square brackets) that are related by antisymmetry and
the Jacobi identity. While this may seem complicated, it is controlled by beautiful combinatorics.
For instance, let us fix a total order on the set S, which determines a lexicographic order on the set
of all words written with the alphabet S. We call a word w Lyndon (also known as Shirshov) if
it is lexicographically smaller than all of its proper suffixes. Then a classic result is that

fS = @ Kz,

w Lyndon word
where z,, € fg are defined recursively by x5 = s for any s € S, while for any Lyndon word w of
length > 2 we set
Ty = [Tty Topr]
where w” is the longest suffix of w = w'w” which is also a Lyndon word (with this choice, it is not
hard to show that the prefix w’ is also a Lyndon word).

Definition 34. Let R denote any set of relations, i.e. K-linear combinations of symbols (164]).
Then

fsir = fs/(ideal generated by R) (165)

is called the Lie algebra generated by S modulo relations R.

For example, if R is the set of {[s, s']}5 seg, then (165]) is called the free abelian Lie algebra on S,
and it is simply isomorphic to @scsKs with trivial Lie bracket.
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12.2

We henceforth work over the ground field C. For any Cartan matrix C' = (cij); jeq1,...r}, We define

(166)

to be the Lie algebra generated by symbols {E;, F;, Hi}ie{l,...,r} modulo the relations

(i, Hy] = 0 (167)
[Hl', EJ] = CijEj (168)
[Ei, Fj] = 0i;H; (170)
for all i,7 € {1,...,r}, as well as
1—c;j
adp “(E;) =0 (171)
dj; I (F;) =0 (172)
for all distinct i,7 € {1,...,r}. The main result of this Lecture is the following theorem of Serre.

Theorem 20. For any irreducible Cartan matrixz C, the Lie algebra gco is finite-dimensional and
simple. Its root system has associated Cartan matriz precisely equal to C.

Moreover, it is easy to see that if C' = C @ Ca, then go = go, @ gc,. Coupling this with Lemma
allows us to extend Theorem [20| to arbitrary Cartan matrices, by replacing the word “simple” with
“semisimple”.

Example 7. When C is the Cartan matriz (159)) of type An—_1, the isomorphism gc == sl,, is given
by
E;~ Ejiv1, Fi~FEii1;, Hj~ E;—FE;i11;11

It is easy to check by hand that relations (167)-(172) hold in sl,, which gives a homomorphism
gc — sly. It is also easy to check that this homomorphism is surjective (because the matrices E; j+1
and E;11; generate s\, as a Lie algebra) and so it must be an isomorphism due to gc being simple.

12.3
We start by identifying relations (167)-(172) in any complex semisimple Lie algebra g. Fix a s.i.b.f.
(+,-) and a set of simple roots aq,...,«, of g. As in Proposition we can pick elements

By, € 9o, and Fy, € g_q,

such that [E,,, F,,] = H,, determine an sly-triple, and so satisfy relations (167)-(170) with E;
replaced by E,, etc. To prove that these elements also satisfy (171f), consider any ¢ # j and make

@ gaj +€a¢

LeZ
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into a representation of sly via the operators adEai ,ad Fay s ad Ha, - As we have seen in the proof of
Propositions [19] and [20] the weight of the /-th direct summand in the formula above is

Q(O‘iv aj)
(v, ;)

(check this fact). Since adp, (Eq;) = 0 by (170)), then we conclude that Eq; is a vector of lowest
weight ¢;;. By Corollary [1, this implies that

+2€:CU+2€

ady;, 7 (Eq,) = 0
which is precisely (171)). Relation (172) is proved analogously. Therefore, we conclude that the as-
signments E; — E,,, F; — F,,, Hi — H,,,Vi € {1,...,r} determine a Lie algebra homomorphism
gc — ¢ (173)

where C is the Cartan matrix associated to g.

Proposition 27. The E,, and F, defined above generate any complexr semisimple Lie algebra g,
i.e. the homomorphism (173)) is surjective.

Proof. Since any root is a non-negative integer combination of positive roots, it suffices to prove
the following statement in any complex semisimple Lie algebra g: if a and 8 are roots such that
o+ [ is also a root, then

[gav g,@] = Ba+8 (174)

(the inclusion C between the sets above is quite general, see ({133))). To see this, one picks an sly
triple Ey, Fy, H, for the positive root «, and uses it to construct a representation of sls on

@ 98+La

LeZ

In any representation of sly, higher weight subspaces are obtained from the action of E on lower
weight subspaces. In the case at hand, since g, has higher weight than gg, then we must have

Ba+s = adg, (95)
which precisely implies ((174]). O

12.4

Having showed that the homomorphism ((173)) is surjective, it will follow from Theorem 20| that it is
an isomorphism: thus, there exists a unique simple complex Lie algebra with any given irreducible
root system. As a stepping stone to proving Theorem let us understand the Lie algebra

ac

freely generated by {E;, F;, H;}1<i<, modulo relations (167)-(170), as per Definition This Lie
algebra is graded by the root lattice

Q:{n1a1+---+nrozr

na,. .. N ez} (175)
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via

deg Ei = Qy, deg Fi = —Qy, deg Hi =0 (176)
(a Lie algebra is called graded if deg[z,y] = degx + degy, which you can prove to be the case for
gc)- Welet QT (resp. Q) be the non-negative integer span of the positive (resp. negative) roots.

Proposition 28. Consider the following subalgebras of go

ﬁg spanned by arbitrary iterated Lie brackets of E;’s
ng spanned by arbitrary iterated Lie brackets of F;’s

HC spanned by the H;’s

Then we have

do =1} @bc@ng

with i‘% lying in degrees Q*\0 and be in degree 0.

Proof. Any element x € g¢ is a linear combination of iterated Lie brackets of E’s, F’s and H’s.
Let us consider any such Lie bracket, and reduce it via anti-symmetry and the Jacobi identity and
relations —, so that it has the minimal number of E’s, F’s and H’s. We must show that if
so reduced, then xz must either be just an iterated Lie bracket of E’s, or an iterated Lie bracket of
F’s, or a single H. Indeed, assume for the purpose of contradiction that some part of the iterated
Lie bracket in question involved

S B By s By )

(the reason why we do not assume there are any H'’s instead of the E’s in the formula above is that
they could be readily simplified by (168))). Then by repeated applications of the Jacobi identity, we
could ensure that the innermost Lie bracket is [F}, F;,] for some a, which can be simplified using

(T70). O

Proposition 29. ﬁg and ng are freely generated by {E;}1<i<, and {Fi}1<i<r, respectively, while

ho = @ CH;
i=1

Proof. Let us consider the tensor algebra TV of the vector space V = @;_; Cv;. There is an action
EC ~NTV
given by

Ei- (v, ® -+ @ jn) = Yo (Gt )07 ® Qv By, ® - Q)
1<s<n s.t. js=1
Fi- (v, @+ ®0j,) =0 ®vj @+ @0y,
n

Hi- (vj, @ @uj,) ==Y (Cijy ++ +¢ij,) (0, @+~ @ vj,,)
s=1
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Check that the above action is well-defined, by verifying the Lie bracket relations —. From
the formula above, it is clear that the F; do not satisfy any Lie algebra relations between themselves
other than the ones prescribed by the free Lie algebra (by the very Definition . The analogous
statement for the F; is proved likewise. Finally, because

Hi . ’Uj = —CijUj

then any linear relation » ;_, v;H; = 0 would imply

.
Z Yicij =0
i=1

for all 5. This is impossible, as the Cartan matrix C has positive determinant. O

12.5

Let us now consider the ideals
it Cng

generated by relations (171)) and (172)), respectively.

Proposition 30. The direct sum i =i @i~ is an ideal in go, and we have

QCZEC/i

Proof. Let S;;- and S;; denote the LHS of (171) and (172)), respectively. Prove the formulas

[Fi, S;51=0, Vi, jke{l,...,r} (177)
[Ex, S;] =0, Vi j,ke{l,...,r} (178)

in go using repeated applications of the Jacobi identity and relations (168)), (169), (170); if you
prefer, you can work in the universal enveloping algebra by the injectivity of , where

1—c;;

1 — Ciy l—c;i—k
s5= Y (1) mimE
k=0

By (177)-(178) and the fact that i* are ideals of ﬁ(ij, we conclude that i* are preserved under Lie
bracket with all E’s and F’s. Because of (170) and the Jacobi identity, then i* are ideals of g¢,
and therefore so is their direct sum. We therefore obtain a surjective Lie algebra homomorphism

gc/i— gc (179)

However, anything in the kernel of the above function would be a combination of iterated commu-
tators of Sij;-’s with E’s and F’s. By (177)-(178)), any such commutator would already be in i*, so

(179) is an isomorphism. O
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Proof. of Theorem[20: Let us start with an important observation: consider the adjoint action of
any slo-triple E;, I}, H; on go. The Serre relations - precisely imply that the subrepre-
sentation generated by any E; or F) is finite-dimensional, with weights in {c¢;j, ..., —c;;}. However,
if the representations generated by x and y are finite-dimensional, then so is the representation
generated by [z, y] (specifically, it would be spanned by Lie brackets of the basis vectors of the afore-
mentioned two representations). We conclude that any element go generates a finite-dimensional
subrepresentation with respect to any sls-triple. By Proposition we have a decomposition

gc=h @ gc,8
BeR

with respect to the grading ((176)). By Proposition all the direct summands above are finite-
dimensional, and moreover

gos=0 if 8¢ Q" (180)
and
CE; ifk=1 d CF;, ifk=1 (181)
= an ks =
80k =00 itk >1 R TS
We want to show that
1 ifBeR*
dim = 182
9c.s {O otherwise (182)
To this end, choose any § € () and consider the adjoint action of the sly triple E;, F;, H; on
Ty = EP 9 p4ta, (183)
LEZ

The ¢-th direct summand above has weight with respect to H; equal to
2(0[1‘, ﬁ)

2
(0, o) 2

As explained in the first paragraph of the proof, any vector of T ; generates a finite-dimensional
sly representation. Therefore, Corollary [2| implies that T} ; is finite-dimensional. As a consequence,
Corollary [1]implies that its subspaces of opposite weights have the same dimension, so in particular

dim dc.p = dim gc’si(ﬁ) (184)

where s; is the simple reflection corresponding to a;. We leave it to you to show that if 8 is not a
multiple of a root, then there exists a sequence of reflections s; that will land it in Q\(QT U Q™ );
in this case (180 would imply the bottom option in . On the other hand if 5 is a multiple of
a root, then the last sentence in Theorem [18|implies that there is a sequence of reflections s; that
will make it into a multiple of a simple root; in this case would imply the top option in .

We showed that g¢ is finite-dimensional, and that the dimensions of its graded subspaces are given
by . It remains to prove that g¢ is simple, and to this end consider a non-zero ideal i C g¢.
Because the Cartan matrix is invertible, the operators {a’dHi}’iE{l,...,T} act with disjoint spectrum
on the root spaces of g¢. Since i is preserved by the aforementioned operators, then if some element
of i has a non-zero coefficient in some gc o, then we can assume that i contains the subspace gc o
in question. By the same logic as in , this implies that i contains g¢ ,,(q) for all i. Because
the Weyl group acts transitively on the set of roots, then we conclude that i = g¢. O
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Lecture 13

13.1

We will now use the root system R associated to a complex semisimple Lie algebra g to describe
its complex representations. Fix a Cartan subalgebra h C g as in Lecture [9] a choice of posi-
tive/negative roots R = RT U R™, and write a1, ..., a, for the corresponding simple roots. Show
that the following is an immediate consequence of Proposition [7] using the various sla-triples in g.

Proposition 31. Any finite-dimensional representation g ~ V has a weight decomposition, i.e.

V=, (185)

AEP
where its weight subspaces are
W\ = {v € V‘:L’ -v = Xx)v, Ve € f)} (186)

and the direct sum in (185) goes over the (integral) weight lattice

2()\, Oti)

(v, ;)

P:{Aeh* eZ,Vz’e{l,...,r}} (187)

Note that by the very definition of a root system, the weight lattice contains the root lattice (175)
P2Q (188)

The two lattices are in general not equal (in fact, the quotient P/Q is a finite group whose order is
equal to the determinant of the Cartan matrix). It is also a fact that the integrality condition on

A from ((187)) is equivalent to the a priori stronger condition 2Q0 a)) € Z for all roots «.

b)
(a,c

Example 8. When g = sl,,, the weight lattice is

P:{(kl,...,k:n)e(C”

k4t k=0, ki — ki1 € Z, We{l,...,n—l}} (189)
while the root lattice is

Q:{(kl,...,kzn)e(:”

k44 ky =0, k€ Z, We{l,...,n}} (190)
The fact that |P/Q| = n comes about by noting that each k; in (189)) must be congruent to % modulo

Z, for one and the same value of d € {0,...,n—1}.

13.2

Consider now the root space decomposition

0=bEP g

aER
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By definition, b preserves the weight subspaces V) of any representation g ~ V. Moreover, show
by using the Jacobi identity that

(90 - VA € Vata] (191)

for all @« € R, \ € P. Associated to our choice of positive roots R = R LU R™, we write
g=ntohen

where n* = @, cp+go. We will write
b=n"@h (192)

which is called a Borel subalgebra (Prove that b is a solvable subalgebra of g; it is actually a
Theorem of Borel-Morozov that it is a maximal solvable subalgebra).

Definition 35. We say that A € P is a highest weight for a representation g ~ V if
V)\%O and V,\Jroé1 :"':V)\+QT =0

A highest weight vector of P will be some non-zero v € Vy as above.

Because of , any highest weight vector v satisfies
nt =0 (193)
If the highest weight of v is A, then we have
h-v=Ah)v, Vhep (194)

Since one can always find a highest weight in any finite-dimensional representation, it is elementary
to obtain the following.

Proposition 32. For semisimple g, any finite-dimensional irreducible representation g ~ V is a
highest weight representation, i.e. it is generated by a highest weight vector.

We will use the notion of highest weights to classify irreducible representations. As we have seen
from Theorem[I6] this would completely characterize the representation theory of complex semisim-
ple Lie algebras, since any such representation uniquely decomposes as a direct sum of irreducible
representations (moreover, in the next lecture, we will learn how to use characters in order to
determine which particular irreducibles show up in the decomposition of any given representation).

13.3
Since irreducible representations are generated by highest weight vectors (as per Proposition ,
the first step in constructing them is to construct the universal representation satisfying (193] and
(1194)).
Definition 36. The Verma module with highest weight X is
M) =Ug@C (195)
Ub

where the tensor product is defined with respect to
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e the injection Ub — Ug of universal enveloping algebras corresponding to b — g

e the surjection Ub — C which sends nt to 0 and every h € b to A(h).

As (195) is an Ug module with respect to the left action, Subsection implies that it is also a

representation of g. Note that it is infinite-dimensional.

Remark. You may recognize M(X) as being the induced representation Indgg(@)\), where Cy is
the one-dimensional representation of b corresponding to w™ acting by 0 and b acting by the weight
A. Indeed, in Math 314 you studied induced representations of finite groups, but the situation for
infinite-dimensional algebras such as Ug is analogous.

If we let vy be a generator of the one-dimensional representation Cy, then any element of M (\) is of
the form v, for some z € Ug. However, because of the PBW Theorem [I0] we have an isomorphism

Ug=Un" @UhUn" =Un" @Ub

Therefore, any element x € Ug is a linear combination of products of elements from Un~ and
elements of Ub. Since any element of Ub acts on vy by multiplying it with a constant, while
elements of Un~ act on V) freely, the assignment xvy — x yields a vector space isomorphism

M(\) = Un™ (196)

Moreover, the dimension of the weight spaces of the above isomorphism match up: any element
x1...xpvy (for various xy € g_p, ) lies in the A— 31 —- - - — 3,, weight subspace of M ()), by repeated
applications of (191)). Therefore, (196 and the PBW Theorem [10| tell us that

dim M(X), = Hunordered positive roots (i, ..., 3, with sum A — ,LLH (197)

In particular, M () has finite-dimensional weight subspaces.

13.4

Let L(\) be any irreducible representation of g generated by a vector of highest weight A € bh*,
even infinite-dimensional. There exists a homomorphism of g representations

7 M(\) = L()\)

defined by sending vy to a highest weight vector of L(\) (check that this homomorphism is well-
defined and surjective, using and ) By definition, the kernel of 7 is a proper g subrep-
resentation of M (\) that is graded by weights h*, and the irreducibility of L(A) implies that it is a
maximal such proper graded subrepresentation.

Proposition 33. For semisimple g, there exists up to isomorphism a unique irreducible represen-
tation g ~ L(\) generated by a vector of highest weight \ € h*.

The Proposition is an easy consequence of the fact that M (\) has a unique maximal graded subrep-

resentation (simply take the sum of all graded proper subrepresentations, which does not coincide
with M (\), because it cannot contain vy ). Therefore, we will refer to the representation L(\).

73



Theorem 21. For semisimple g, L(\) is finite-dimensional if and only if X lies in

2()\, Oéi)

(cvi, i)

P*:{)\GP‘ EZZO,Vz‘e{l,...,r}} (198)

Such weights are called dominant.
For g = sl,,, a weight as in (189) is dominant if and only if k; — kjy1 € Z>¢ for alli € {1,...,n—1}.

Proof. of Theorem : Assume that L(\) is finite-dimensional. Take an slo-triple E;, F;, H; corre-
sponding to any ¢ € {1,...,7}. Then L()\) is a finite-dimensional representation with respect to
this slo, with the highest weight vector of L(\) having weight

2()\, Oéi)

(i, ;)

As we saw in Lecture 5|, the numbers above must be non-negative integers in order to have a finite-
dimensional representation of sly, so we conclude that A € P*. Conversely, assume A € PT. We
will actually prove the following stronger claim on the weight subspaces of L(\)

dim L(A),, = dim L(A) ¢ (199)

®)

for all p € P and w € W. Indeed, because L()) is a quotient of M (), then its weight subspaces
are finite-dimensional and only non-zero in the cone {A — mja; — -+ — mya, i, ... m,>0. If there
existed such a non-zero root subspace with mj +- - -4+m, arbitrarily large, then by applying formula
for the element w € W which sends the positive roots to negative roots (Corollary , then
we would conclude the existence of a non-zero subspace with weight w(\) + mja; + -+ + mla,
for arbitrarily large m/ + -+ m/.. As this is impossible, the only option is for L(\) to only have
finitely many non-zero weight subspaces, hence it must be finite-dimensional.

Let us now prove . Let us consider an slo-triple E;, F;, H; for every i € {1,...,r}, and define
V C LN
to consist of all vectors v on which the E;’s and F;’s act locally nilpotently, i.e.
ENv=FNv=0

for alli € {1,...,r} and for some N > 0 which may repend on ¢ and v. Firstly, the highest weight
vector vy lies in V because for all i € {1,...,r} we have

2()\, Oéi)

(0, i)

FE;vy =0 and Ff“v,\ =0, where k =

(note that the second equality is non-trivial, but we leave it to you to show that Fz-kﬂv)\ is annihi-
lated by all the F;’s, and thus would generate a proper highest weight subrepresentation of L(\)
if it weren’t zero). Secondly, V' is preserved by the action of g, because for any = € g and any
i€ {1,...,r} we have the following equality in Ug

N-1
BN MY gL, E; B
BY,al =" (o) (BulBo .. [Bual . ) B,
M=0 N—M copies of E;
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and analogously for F;. Thus, if a vector v is annihilated by large enough powers of every E;, then
so if zv because the iterated commutators in the equation above will all be 0 if N — M is large
enough. The remarks labeled firstly and secondly above imply that V is a subrepresentation of
L(X), hence V' = L()\) due to the latter’s irreducibility. Then let us consider any weights p and
si(p) and define the subrepresentation (with respect to the slo-triple E;, F;, H;) generated by the
corresponding weight subspaces

LN)u@ - ® LN g,

By the discussion above, this subrepresentation is finite-dimensional, with L()\), and L(\),,
having H;-weights

®)

20, 0q) o 20si(p),0i) 2w, i)

(0, ) (v, i) (v, i)
By Corollary (1} L()), and L(),(,) must have the same dimension, which yields (199) for w = s;.
Since the simple reflections generate the Weyl group, then (199)) holds for all w. O

Together with Theorem we conclude the following.

Corollary 8. For semisimple g, any finite-dimensional representation g ~ V' is isomorphic to
V=LA)®- & L(A\)

for M,...,\i, € PT.

13.5
Motivated by Theorem we have the following.

Definition 37. The fundamental weights w1,...,w, are defined such that

—— L = 200
(Oéi, Oéi) J ( )
foralli,j € {1,...,r}.

Fundamental weights form a Z>-basis of the cone of dominant weights, meaning that any dominant
weight is of the form njwy + - - - + n,w, for some ny,...,n, € Z>q. This has the following effect on
the representation theory: show that the tensor product

g Lw)®™ @ @ L(w,)®"™
has highest weight njwi + - -+ + n,w, = A. By Corollary [§ we have
L(w)®" @ - ® L(w,)®" = L(\) @ L(\ — )®multiplicities
pEQRT\O

where the multiplicities above can be construed as a generalization of the Clebsch-Gordan rule (81)).
The formula above implies that L(\) can be recursively constructed (up to irreducible representa-
tions of the form L(A—f) with 8 € QT\0) from tensor products of the fundamental representations,
i.e. the irreducible representations corresponding to the fundamental weights. It is in this sense
that the fundamental representations “generate” the finite-dimensional representation theory of g.
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Example 9. Whereas the simple roots of sl, are {e; — ej11}1<i<n—1, the fundamental weights are

n—1

Wy = -(€1+‘-'+€i)—%'(6i+1+'”+6n) (201)

n
The irreducible representation corresponding to w; is none other than
A'C" (202)

Indeed, the highest weight vector of N'C™ is vy A --- A v;, which is an eigenvector for the action of
any x = (1,...,Ty) € h with eigenvalue

r1+ -+ x = (Wi, )
To see that N'C™ is irreducible, take any linear combination of tensors
W=y N Avg, + ..

where t; < --- < t; and the ellipsis stands for sequences lexicographically smaller than (t1,...,t;).
Then applying the operators {Eaq, }1<d<it,-d in succession to w would produce vi A --- A v;.
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Lecture 14

14.1

In Math 314, you saw that characters are certain functions on a finite group that completely
determine its representation theory. For semisimple Lie algebras g, the analogous role is taken by
the following notion.

Definition 38. The character of a representation g ~V is the sum

xv =Y _(dimV3)e? (203)
AEP

where {e }xep are formal symbols.

Although e* is a formal symbol, it arises from the following construction. As per Subsection
the representation g ~ V' lifts to a representation of the simply connected Lie group

GV

with Lie algebra g (this G is also called semisimple). There is an abelian subgroup called maximal

torus
HcdG

with Lie algebra b, and integral weights lift to characters
AN H—C*

Then we have for all t = exp(z) € H (where x € b is arbitrary)

xv(t) =Y (dimVy)e*™ = tr(t]y) (204)
AEP

This is now closer to the usual definition of characters as traces of group elements acting in the
representation V. Of course, you may object that only measures the trace on elements of H
and not of G. But because the trace is conjugation invariant, the formula above actually measures
the trace on any conjugates of H, which are dense in G (think about SL,, and arbitrary conjugates
of diagonal matrices).

14.2

Another reason why we prefer formal expressions like (203)) to actual numbers like (204]) is that the
former also applies to infinite-dimensional representations V' (with finite-dimensional weight spaces)
while the latter only applies to finite-dimensional representations. For example, (197]) implies that

6)‘ 6A+p

_ _ _ _ 205
O T e =6 T (67— ) )

(the reason for the shift in the numerator by e, where p = % Y acr+ @, will be made apparent in
Theorem . To make the above formula precise, we expand the denominator as a power series



and use the following operations on the formal symbols e’:

A

et = A

A=

The motivation for these operations is given by the following formulas, which we invite you to prove

Xvev: = Xv + XV (206)
Xvev: = XVXV! (207)
Xvv =XV (208)

with respect to direct sums, tensor products and dual representations (see , , )

14.3

We will now calculate the character of irreducible representations L(\) of a semisimple Lie algebra
g. The key result is the following formula of Freudenthal, which allows one to recursively compute
the dimensions of the weight spaces of any irreducible representation starting from the obvious

dimL(\)) =1
Proposition 34. For any pu € P, we have

((A oA +p) = (h+p o+ p)) dimL(A), =2 > > (n+ka, @) dim L(\)y1ra (209)
acRt+ k=1

where p = %ZQGR+ a (note that the sum in the RHS is actually finite).

Proof. Let us consider the Casimir element associated to the non-degenerate s.i.b.f. of g

.
C=> HH+ Y (a,2a) (EoFo + FoE,)
i=1 acRt

where H; and H' are dual bases of b (the latter basis can be readily expressed in terms of the

former basis using the formulas (H,, Hg) = %, but we will not need this).

Lemma 9. C acts on L(\) via the scalar (A + p, A+ p) — (p, p).

Proof. Since C' is central, we know that it acts on L(A) as a scalar, so it remains to identify this
scalar by calculating how C acts on the highest weight vector vy. Any slo-triple Fq, Fy, H, will
have the property that

E’av,\ =0 = FQEQUA =0
hence
2(\, )
(a; @)

EaFav)\ = Hocv)\ = U

On the other hand, it is an easy manipulation with symmetric bilinear forms that

> HiH'vy = (A Aoy (210)
i=1
Since (A, A) + D cpr (A, @) = (A +p, A+ p) — (p, p), the Lemma follows. O
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Let us now consider any positive root o € R*, and decompose L()) into subrepresentations of the
slo-triple Ey, F,,, H,. These will all be of the form

LA)gyma ® LX) g mo2, @@ L(A)g_m2, ® L(N)g-mq (211)

where we assume that m is maximal such that the above weight spaces actually appear in L(\).
The shift by /8 is chosen so that («, 8) = 0, which implies that as a representation of the sly-triple
E., F., H,, the 8 + %oz direct summand above has weight d. By the inclusion-exclusion principle,
the number of copies of the irreducible representation sly ~ L(n) in the representation is

dim L(A) g4 24 — dim L()‘),B+”T“a

for all n > 0. Meanwhile, and imply that E,F, + FoE, acts on the d-th weight subspace

of an irreducible representation sly ~ L(n) by the constant

n(n+ 2) dj
2 2
Let’s assume d > 0 for simplicity. We conclude that E,F, + F,F, acts on L()) Bida with trace
2
o
n(n+2)/ . . a2
3 T(d1mL(A)B+%a - dlmL()\)ﬁJrnTHa) - S dim LV, 4,

n=d

If we write p = 8+ %a Sd= % and manipulate the telescoping sum above, we conclude that

(@, @)

T(EaFa + Fanc)

acts on L(\), with trace

(M’ Oé) dlmL(A)# +2 Z(:u + ka, Ot) dimL()‘)lH—ka
k=1

Summing over all @ € RT and adding to the mix the fact (analogous to (210)) that >_\_, H;H*
acts in L(\), as multiplication with (u, i), we conclude that C' acts on L(\), with trace

2 p) dim LN +2 D D (u+ ke, @) dim L(A) ke
a€Rt k=1

Comparing this with Lemma |§| implies (209). O

14.4

A purely algebraic manipulation (which you may find in §25.2 of the book by Fulton-Harris) allows
one to deduce from Freudenthal’s formula (209) the following so-called Weyl character formula.

Theorem 22. The character of any irreducible representation g ~ L(\) is given by the formula

Y wew S8 w)e?Ate)
O e (ef =)

where sgn : W — {£1} is the group homomorphism that sends the simple reflections s; to —1.

(212)
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Certain observations about (212)) are in order.

1. The w = e summand in the numerator of yields precisely the character of the Verma
module in , and this corresponds to the fact that M (\) contains a copy of the irreducible
representation L(A) generated by the highest weight vector. Conversely, we can interpret the
right-hand side of as an alternating sum of the right-hand sides of . This underlies the
famous BGG (Bernstein-Gelfand-Gelfand) resolution of L(\) as a complex of Verma modules.

2. The numerator of is an antisymmetric expression with respect to the Weyl group action, i.e.
the operation {e# ~ e*(")}, u . has the effect of multiplying the numerator of by sgn(w).
It is a general property of Coxeter groups that the denominator of is also antisymmetric,
and it divides the numerator. Therefore, we conclude that the right-hand side of is a linear
combination of e#’s, which is symmetric with respect to the W-action (as expected from (199)).

3. We can get a formula for the dimension of L(A) by taking the evaluation of the right-hand side
of as et ~ 0 where 0 is the origin of h. This is strictly speaking ill-defined, since we
get %. The way to resolve this issue is to evaluate the right-hand side of as et ~~ et for
x € h tending to 0 along a generic line. If you do so appropriately, you will find that

dimz(n) = ] A+pa)

(213)
aERT (P, a)

14.5

Finally, let us consider the whole discussion above in the particularly important case g = sl,. For
a weight A = (ky,...,k,) with k1 + -+ + k, = 0, we will write

=2
The Weyl group W = §,, acts on the monomials above by permuting the variables z1, ..., z,, and
sgn : S, — {£1} is the usual sign homomorphism. For any root o = e; — e, we have
e = 2t
Zj
and p = %(n —1,n—3,...,3—n,1—n). Therefore, the Weyl character formula reads (after some

minor algebraic manipulations, which we invite you to do)

ki+n—i
ZwESn Sgn(w) Hzn:l Zw(;;n '
H1§i<j§n(2i — 2j)

One recognizes the denominator of the right-hand side as the Vandermonde determinant, so

XL\ =

leclJrnfl Zk1+n71 o Z§1+n—1
zfz+n—2 z§2+”_2 o Z52+n—2
XL\ = Zn—l n—1 n—1 (214)
: 2 “ 2 n 2
n— n— n—
4 2 cee 2
0 0
Z1 22 “n



As we saw in Example [8] a dominant weight of sl,, has the property that

4t 0,
ki:&—g, ViE{l,...,n}

n

for some partition of non-negative integers
b=l >0l>2>0,>0)
Then the right-hand side of (214]) is equal to

Se(21y .oy 2n)
Ot i
(21...2n)" =

where sy is the famous Schur polynomial associated to the partition ¢. For example, when A is the
fundamental weight (201]), we have

52(12...21202...20)

with ¢ ones and n — ¢ zeroes. The corresponding Schur polynomial is none other than the i-th
elementary symmetric polynomial, so (214]) states that

. — Zl§t1<"'<tig7’b Rty - - Rty
Xnicn = -
(Zl PP Zn)n

which we invite you to prove is indeed the character of the i-th exterior power of the standard
representation of sl,.

If you recognize Schur polynomials as the characters of irreducible representations of the symmetric
group from Math 314, this is no accident. An important result called Schur-Weyl duality shows
that there exist commuting actions of gl, and Sy on

.- -xC"
—_——
N factors

which provide a bridge between irreducible representations of gl,, (which are very closely related to
those of sl,, that we just studied) and irreducible representations of Sy .
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